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SUMMARY 
Harmonic maps are the solutions of a natural variational problem 
in Differential Geometry. This thesis is concerned with questions of 
existence, classification and special properties of harmonic maps. 
1. Existence: 
Variational arguments are used to establish the existence of 
harmonic maps of finite energy from non-compact manifolds when either 
(a) the target manifold is compact and saosfies certain 
geometrical conditions, or 
(b) the domain is two-dimensional and the target satisfies certain 
growth conditions. 
Further, infinite-dimensional differentiable structures are exhibited for 
certain spaces of maps that arise naturally in this context. 
2. Classification: 
The twistorial methods of Eells-Salamon and Rawnsley are exploited 
to classify strongly conformal harmonic maps of a Riemann surface into 
a Grassmannian by holomorphic maps of the surface into a flag manifold 
equipped with a special non-integrable almost complex structure. 
Similar ideas are used to classify isotropic harmonic maps of a 
Riemann surface into a space form by f-holomorphic maps into bundles of 
f-structures over the space form. 
In this context, we also examine the relevant properties of 
f-structures and f-holomorphic maps and, in particular, show the existence 
of a homotopy invariant for maps of cosymplectic manifolds into 
f-Kahler manifolds generalising that of Lichnerowicz. 
3. prOperties: 
A characterisation in terms of harmonic maps of those maps between 
Riemannian~manifolds that commute with the co-differential is given. 
Unique continuation properties of harmonic maps are considered and 
in the case of two-dimensional domains, proved by use of holomorphic 
differentials. In particular, we establish unique continuation of 
isotropy for branched minimal surfaces in a space form. 
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iv. 
INTRODUCTION 
1. PRELIMINARIES 
Let us begin with a rapid view of some notions in Riemannian 
geometry to fix ideas and notation. 
A. Structures and operators on a vector bundle (see [45]). 
let (M, g) be a Riemannian manifold, that is a smooth manifold 
with a smooth choice of inner product on each tangent space and let 
1T : E -+- M be a smooth vector bundle. 
00 00 
A connection on E is a linear operator V : C (E) -+- C (T*M ~ E) such 
that: 
Vfa = df 0 a + fVa 
00 00 
for f € C (M), a € C (E). If X € 'lM, we denote Va (X) by VXa. 
Now, if E and F are vector bundles over M with connections vE,vF 
respectively, we can build connections on the various dual, tensor and 
product bundles of E and F by demanding that each such connection is 
a derivation commuting with contractions, e.g: 
V ( a 0 a ) = VE a ~ a + a 0 VF C1 
1 2 1 2 1 2 
* * * E (Va ) (~) = d(a .~) - a (V ~) 
00 * 00 * 00 for a ,~€ C (E), C1 € C (E ), a € C (F). 
1 2 
'Ihe curvature, R, of a connection V is a section of A2 T*M0End(E) 
given by 
v. 
Now let 'V be a connection on 'IM, the tangent bundle of M. '!he 
torsion of 'V is a section of A2 T*M 0 TM, denoted by T, given by 
As is well-known, there is a unique connection on 'IM which is torsion-
free and with respect to which the metric is parallel i.e. 
'Vg == 0 
'!his connection is called the Levi-Civita connection for (M,g). 
Now let x EM and P an oriented 2-plane in T M with orthonormal 
x 
basis X,Y. The sectional curvature of P, denoted Riem(P), is given 
by 
Riem(P) = g(R(X,Y)X,Y) 
where R is the curvature of the Levi-Civita connection. '!his de fini tion 
is independent of the choice of eriented orthonormal basis. 
We say that (M,g) has constant (positive, etc.) sectional curvatures 
if Riem(P) is constant (positive, etc.) for all 2-planes P in TM. 
An almost complex structure on M is a section of End(TM) such that 
J2 = -Id, 
on each fibre.' A manifold together with an almost complex structure 
... 
is called an almost complex manifold. 
I\\N'0!0'r 
An almost complex manifold is said to have integrableAcomplex 
structure or to be a complex manifold if M admits an atlas of holomorphic 
charts and in such a chart, J is just multiplication by i = 1=1. By 
vi. 
the theorem of Newlander-Nirenberg, .this is equivalent to the vanishing 
of the Nijenhuis tensor, NJ , given by 
NJ (X, Y) = 2 { [JX, JY] - [X, y] - J [X, JY] - J [JX, y]} • 
An (almost) complex manifold, (M,g,J), is (almost) Hermitian if J 
is an isometry on each fibre, in which case we define the rahler form, 
w, by 
w(X,Y) = g(X,JY), 
and (M,g,J) is (almost) K~hler if w is closed. 
An almost Hermitian manifold is KIDller (i.e. integrable and almost 
Kahler) if and only if J is parallel with respect to the Levi-Civita 
connection. 
Example Let (M,g) be two-dimensional and oriented. Define an almost 
complex structure J on M by setting J to be rotation by I in a positive 
sense on each fibre. Then (M,g,J) is almost Hermitian and it follows 
from the dimension of M that both NJ and dol vanish so that (M,g,J) is 
a Kahler manifold. 
B. Harmonic Maps 
Let 4> : (M,g) -+ (N,h) be a smooth map of Riemannian manifolds. Its 
-1 -1-derivative, d4>, is a section of T*M ® 4> TN, where 4> TN -+ M is the pu11-
back of TN by 4>,. i.e. the bundle with fibre at xe:M given by T4>{x)N. 
The second fundamental form, a4>' of 4> is the section of 
0 2T*M 0 4> -lTN given by 
a~{x,y) = Vd4>{X,Y), 
-1 for X, Y e: TM, where V is the connection on T*M ® 4> TN induced from the 
vii •. 
Levi-Civita connections on M and N. 
It follows from the fact that Levi-Civita connections are torsion-
free that the second fundamental form is symmetric: 
A map with vanishing second fundamental form is said to be totally 
geodesic. 
The energy of <f> : (M,g) -+ (N,h), denoted E (<f», is given by 
E(<f» =if<d<f>,d<f»dv , 
M g 
where the inner product is the Hilbert-Schmidt inner product on 
T*M® <f>-lTN and dv is the volume element of (M,g). g 
A C2 map <f> : (M, g) -+ (N, h) is said to be harmonic if <f> extremises 
the energy with respect to all compactly supported variations in 
00 
C (M,N). 
'lhe Euler- Lagrange opera tor of the energy functional, the tension 
-1 field, is denoted by L and, at <f>, is a section of <f> TN given by 
L<f> = Trace B<f> = d*d<f> , 
where d* is the co-differential on <f>-l~-valued I-forms. 'lhus, since 
~O ,~V'{(,""'~I'O"," "-0 fc..,"~s , 
dd<f> always vanishes, we seeAthat <f> is harmonic if and only if d<f> is a 
-1 harmonic <f> TN-valued I-form when M is compact. 
M k NrCl rob 1 f where r are the Christoffel sy 0 s 0 M and N respectively. ij' By 
viii. 
From this last equation, we see that harmonic maps are locally 
solutions of a system of second-order semi-linear elliptic partial 
differential equations. Thus, elliptic regularity theory implies 
that harmonic maps of smooth Riemannian manifolds are automatically 
smooth, [52]. 
Harmonic maps occur naturally in many different areas of 
Differential Geometry, for example: 
(i) For dimM = 1, harmonic maps are precisely geodesics 
parametrised by arc-length. 
(ii) n For N = R, the tension field is linear and, in fact, is 
just the Laplace-Beltrami operator on M, thus harmonic maps 
are just harmonic functions. 
(iii) Minimal immersions are precisely the harmonic isometric 
immersions. 
'2.:~ 
(iv) Holomorphic maps between Kahler manifolds are harmonic [~]. 
(v) It is obvious from the above that totally geodesic maps are 
harmonic. 
The best references for harmonic maps are the survey articles of 
Eells-Lemaire [22,23]. 
2. HARMONIC MAPS AND DIFFERENTIAL GEOMETRY 
As solutions of a system of elliptic Euler-Lagrange equations, 
harmonic maps enjoy a number of special properties. For instance, they 
possess the unique continuation property [62], are subject to a maximum 
principle [62] and reflection principle [74] and under suitable hypotheses 
on curvature, Liouville-type theorems may be proved [66]. 
However, in order to apply these results, we need a good supply of 
harmonic maps. In particular, given Riemannian manifolds M and N, are 
1. 
ix. 
co 
there harmonic maps in every homotopy class (component) of C (M,N)? 
In general the answer is no: Eells and Wood have shown that there is 
no harmonic map of degree one of a 2-torus into S2,[28]. However, 
under suitable geometric conditions on N, we can use a variety of 
techniques to provide an affirmative answer: 
(a) Heat-flow: In 1964, Eells and Sampson, [27], got the theory 
of harmonic maps off the ground by showing that, in case M is compact 
and without boundary and N has non-positive sectional curvatures~"..J :{ cO""'f~Y) 
deformation along the heat-flow associated with the tension field 
co 
produces an energy minimising harmonic map in every component of C (M,N). 
This result was later extended to compact domains with boundary by 
Hami 1 ton [38]. 
(b) Morse Theory: Uhlenbeck, [72], provided a proof of the Eells-
Sampson theorem by applying Morse theory to a perturbation of the energy 
functional on a suitable manifold of maps. 
(c) Direct Method of the Calculus of Variations: Hildebrandt 
et al. [41], extended the Eells-Sampson theorem to target manifolds 
with positive curvature under condition that the harmonic map has image 
contained in a sufficiently small geodesic ball (the radius of which is 
1 bounded above in terms of IK where K is an upper bound for the sectional 
curvatures on the ball). Their proof proceeded by extracting a weakly 
convergent sub~equence of an energy minimising sequence of maps in 
Li(M,N) and proving regularity of the energy minimising limit map. 
The recent regularity theory of Schoen and Uhlenbeck, [64], allows 
us to interpret the various curvature hypotheses as follows: according 
to Schoen-Uhlenbeck, the obstruction to regularity of an energy-
minimising harmonic map into N is the existence of non-constant harmonic 
x. 
maps of spheres into N. Now, the curvature hypotheses of (a) ,(b) or 
(c) above imply the existence of a convex function on the universal 
cover of N which, in turn, implies the non-existence of non-constant 
harmonic spheres in N (see [20]). Thus the Schoen-Uhlenbeck theory 
together with a direct variational argument unifies and extends the 
resul ts above. 
In case dim M = 2 , the theory of harmonic maps has special features, 
one of which is that the regularity theory for energy-minimising maps 
(here due to Morrey [51,52]) requires no hypotheses on N. Th us Lemaire 
[48] was able to prove the existence of a harmonic map in each component 
00 
of C (M, N) where M is a compact surface and N is any compact Riemannian 
manifold with vanishing second homotopy group (see also Sacks-Uhlenbeck 
[60] and Schoen-Yau [68]). 
However, many target manifolds of interest do not satisfy the 
curvature or topological restrictions mentioned above; for instance, 
Riemannian symmetric spaces of compact type. Further, in such cases, 
the variational approach does not seem appropriate; for example, the 
00 n n 
componen t of the identi ty map in C (S , S ), n ~ 3, contains maps of 
arbi trarily small energy and so cannot contain an energy-minimising map ; 
(see [23]). 
Thus we must seek new methods for finding harmonic maps. In case 
dim M = 2 we may exploit the holomorphic structure of M and holomorphic 
differentiBls on M associated to harmonic maps. Using such ideas, 
Calabi exhibited a (constructive) 2: 1 correspondence between full \-o\ro.Uj ,~otl\)f\~ 
holomorphic maps of a Riemann surface Minto tp2n and full isotropic 
h · 2n th d' th i t bl f armon~c maps of Minto S us re, uc~ng e ex s ence pro em or 
harmonic maps to Algebraic Geometry, [13,14]. This approach was taken 
xi. 
up by Eells and Wood who treated isotropic harmonic maps of surfaces 
into complex projective spaces [29] and Erdem and Wood who treated 
maps into complex Grassmannians [31]. 
These results may be thought of as a kind of twistor correspondence, 
associating isotropic harmonic maps into N with holomorphic maps into 
a bundle of almost complex structures over N : a twistor space. The 
celebrated fibration of tp3 -+- S4 considered by Atiyah et ale [6] is an 
example of this set-up. 
Recently, this approach has been greatly extended in scope in two 
ways: firstly, Eells and Salamon, [25], have introduced a non-integrable 
almost complex structure on twistor bundles in terms of which they have 
classified all conformal harmonic maps (branched minimal immersions) of 
Riemann surfaces into a 4-manifold. Secondly, Rawnsley [59] has 
introduced bundles of f-structures (in the sense of Yano [77]) and used 
these as twistor spaces. These topics will be taken up in detail in 
chapters 5-7 of this work. 
We conclude this section by briefly mentioning some applications of 
harmonic maps: 
1. Relevant to the above twistor theory, there is the theorem of 
Ruh and Vilms [58] which shows that an isometric immersion into R n has 
constant mean curvature if and only if its Gauss map is harmonic as a 
map into a suitable Grassmannian. 
2. Coupling the existence of harmonic representatives of homotopy 
classes with Liouville-type theorems leads to results such as that of 
Schoen and Yau [66]: 
Let (M,g) be complete with positive semi-definite Ricci curvature 
and (N,h) 'compact with non-positive sectional curvatures, then any 
map with finit~ energy from M to N is null-homotopic. 
xii. 
3. Under suitable conditions, harmonic maps of Kahler manifolds 
can be shown to be holomorpnic (see Eells-Wood [28], Siu [69]). 'nlis 
kind of argument was a key step in Siu and Yau's proof of Fraenkel's 
conjecture, [70]. 
3. THE CONTENTS OF THIS THESIS 
'nlis thesis is mainly concerned with the existence questions for 
harmonic maps considered in §2. 
In Chapter 1, motivated by the regularity theorems of Schoen-
Uhlenbeck and Giaquinta-Giusti [32,33], we prove the existence of a 
smooth infinite-dimensional differentiable structure on the space of 
essentially bounded L~ maps between two Riemannian manifolds and exhibit 
a natural Finsler structure thereon. Our methods are valid for the 
space of continuous Li maps which is relevant to the theory of harmonic 
maps since weakly harmonic maps in this space are smooth by a theorem 
of Hildebrandt et al. [42]. 
In the hope that some sort of critical point theory for the energy 
functional on these manifolds might become available, we examine various 
aspects of the theory of harmonic maps in this setting. However, as 
Lemaire has pointed out, the non-existence results considered in §2 
show that we cannot expect Palais-Smale condition 'C' for .the energy 
functional in general. 
In Chapter 2, we turn to maps of non-compact manifolds. For M a 
complete non-compact Riemannian manifold and N a compact Riemannian 
manifold satisfying the currently optimal regularity conditions of 
Schoen-Uhlenbeck (i.e. N admits no non-constant harmonic spheres), we 
prove the existence of an energy-minimising harmonic map in every 
00 
component of C (M,N)1which contains a map of finite energy. 'nlis extends 
results of Schoen and Yau [66] (N has non-positive curvature) and 
xiii. 
Lemaire [49] (dim M = 2) and brings the case of non-compact Minto 
line with what is known for compact M (see §2). The main technical 
result in the proof is the production of a homomorphism on fundamental 
groups induced by a discontinuous Lf map. This result (due to 
Schoen-Yau [68] for dimM = 2) has been claimed by Schoen [63] but there 
is no proof of it in the literature. Thus our arguments provide the 
'missing link' in a variational existence theory of harmonic maps even 
for compact M. 
Lastly, for dimM=2, our methods allow us to treat the case of N 
non-compact but satisfying a growth condition of Lemaire. 
In Chapters 3 and 4 we examine some properties of harmonic maps. 
In Chapter 3, we characterise those maps of Riemannian manifolds which 
commute with the co-differential on vector-bundle-valued forms, and 
provide a counter-example to the previous incorrect characterisation 
of Watson, [73]. 
In Chapter 4, we consider unique continuation properties of harmonic 
maps and harmonic vector-bundle-valued forms (such as Yang-Mills fields). 
The main analytic tool is the unique continuation theorem of Aronszajn, 
Kryzwicki and Szarski, [4], which we extend to vector-bundle-valued 
forms. However, in case that the domain.is a Riemann s~rface, such 
properties may be proved directly by exploiting the holomorphic 
differentials associated with harmonic maps in this case. In particular, 
we define a set of differentials linked to the isotropy of harmonic maps 
that enable us to prove unique continuation of isotropy for branched 
minimal immersions of Riemann surfaces into space forms. 
differentials are also known to Wood, [75]. 
These 
xiv. 
The last three chapters are concerned with the twistor programme 
developed by Eells-Salamon and Rawnsley mentioned in §2. 
Motivated by Rawnsley's bundles of f-structures, in Chapter 5 
we consider maps between manifolds with f-structures and conditions on 
such f-structures that ensure the harmonicity of f-holomorphic maps. 
There are two such condi~ions, one due to Rawnsley [59]; condition 'A', 
which in some sense complement each other; one being appropriate for 
twistor bundles and the other for such manifolds as pseudo-convex 
hypersurfaces in ~ with their natural Cauchy-Riemann structures. 
In Chapter 6, we consider bundles of f-structures over Grassmannians 
that are specially adapted to the homogeneous structure. These smaller 
twistor bundles admit very well-behaved f-structures and we are able, 
for instance, to obtain a bijective correspondence between harmonic maps 
of a surface, M, into a complex Grassmannian satisfying a strong 
conformality condition and certain maps of M into a flag manifold which 
are holomorphic with respect to a natural non-integrable almost complex 
structure on the flag manifold. Further, by considering the relationship 
between this almost complex structure and the various homogeneous 
fibrations of the flag manifold over Grassmannians, we are able to 
generate several harmonic 'Gauss maps' associated to a given harmonic 
map into a Grassmannian. 
These constructions are a special case of a general construction 
of adapted twistor bundles over Riemannian symmetric spaces, considered 
in the Appendix to Chapter 6, which is, in turn, a special case of a 
very general theory of twistor bundles due to Rawnsley [59]. Salamon 
has considered similar constructions"in the case of bundles of almost 
CHAPTER 1 
MANIFOLDS OF MAPS 
o In 1956, J. Eells showed that the space C (S,M) of continuous 
maps from a compact Hausdorff space S to a smooth manifoldM admits 
a smooth (in general infinite dimensional) differentiable structure 
[19] • Since then, many other interesting spaces of maps have been 
given such structures and a formalism developed to treat the problem 
(see [30] and [57]). 
In this chapter we extend this formalism to include spaces of 
bounded, but possibly discontinuous maps, in which the smooth maps 
are not dense and apply it to exhibit differentiable structures (and 
complete Finsler structures) on some spaces of maps that have arisen 
in non-linear analysis, in particular in the study of harmonic maps. 
A. Generalised Manifold Models 
Let M be a measure space. 00 n Denote by L (M,:R) the totali ty of 
essentially bounded measurable functions M ~ Rn. 00 n L (M,lR ) is a 
Banachable space with a norm given by \I flloo = essup f(x) , f e: Loo (M,Rn ). 
xe:M 
Definition A is called a generalised ma~ifold model for M if, for 
n 
each n, there is a Banachable space of functions M ~ R , defined up to 
sets of measure zero, denoted A (M, Rn) s. t. 
(i) A (M, Eon) C Loo (M, JRn) and the inclusion is continuous. 
is continuous i.e. 
(iii) 
2. 
IIA.E,;II ~ const II All IIE,;II for A€ A(M,L(~,lRq» 
E,; € A(M,nP) 
(composition property) Let lIJ : 0 e nP x]Rq +]Rs be a smooth map 
from some open set 0 e ffxlRq and let g € A (M,ff) • Suppose 
there exists an open set W eA (M, ]Rq) such that for each f € W 
there is a null~set Nf eM with g x f (M-Nf ) eO. Then 
lIJ(g,f) € A(M,]Rs) and the map Ag(lIJ) : W+A(M,:Rs ) given by 
(Ag(lIJ)f)(s) = lIJ(g(s),f(s» a.e s€M, 
is con tin uous. 
In fact, such a Ag(lIJ) is smooth: 
Lemma 1.1 Let A be a generalised manifold model, then the map 
Ag(lIJ) defined above is smooth (dX» and D(AgllJ) = Ag(d2l1J) where 
d2l1J : 0 +L(lRq,lRs ) is the partial derivative of lIJ with respect to :Rq • 
Proof This now familiar argument is here based on that of 
Eliasson [30]. It suffices to show that D(Ag(lIJ» = Ag(d2l1J), then the 
composition property shows that Ag(d2l1J) is continuous and hence Ag(lIJ) 
is C 1 and by iterating the argument on successive derivatives of lIJ 
we have that Ag(lIJ) is Coo. 
So let u € W then there is a null set NeM with g x u (M\N) eO 
and thus there exists e: > 0 such that if h € A (M, :Rq ) and Ilh II A<e:, we 
have 
(g(s), u(s)+h(s»€O a.e. s€M. 
3. 
For such an h we have 
lIJ(g(s),u(s) +h(s» -lIJ(g(s),u(s» -dzllJ(g(s),u(s»h(s) = 
e(g(s),u(s),h(s»h(s) a. e. s E M. 
1 
with e given by e(x,u,v) = J dzllJ(x,u+tv) - dzllJ(x,u)dt for x€ ~ and 
q U,VE]R • 
o 
Nowe is defined on some open 0' e~x (Rqx]Rq)+L(]Rq, R S ) with 
g x (UXO) (M\N) eO' thus' there is a neighbourhood W' of u x ° in 
L
co (M,Rq XRq ) and thus in A (M,]Rq XRq ) such that if w x VE W' there is a 
null set N eM with g x (WXv) (M\N ) eO' • WXV wxv So Ag(e) is defined and 
continuous on W' by the composition property. 
Now suppose that Ilh IIA is so small that (u,h) E W', then 
IIAg (lIJ) (u+h) - Ag (lIJ) (u) - Ag (dzllJ) (u) .h II = \lAg (e) (u,h).h II 
Ag (e) (u,~) = 0, so that by the continuity of Ag (e) at (u,O) we have 
and the proof is complete. o 
Now let N be a smooth paracompact finite dimensional Riemannian manifold 
which we assume to be isometrically and properly embedded as a closed 
submanifold o~ some Rn by the theorem of Gromov-Rohlin [37]. '!hen, 
if A is a generalised manifold model for M we denote by A(M,N) the 
set {f E A(M,Rn ) : f(s) E N a.e. s E M} endowed with the induced topology. 
Since A (M, E,n) e LOCI (M, ]Rn) and N is closed, A (M,.N) is closed. 
4. 
Theorem 1.2 If A is a generalised manifold model for M, A(M,N) 
is a closed smooth split submanifold of A(M,~n). 
Proof We follow Palais [55]. 
Endow Rn with a smooth Riemannian metric so that N is iso-
metrically embedded as a totally geodesic submanifold. '!his can 
always be done (see eg. Hamilton, p.l08 [38]). 
O n n n n . Let exp: eT JR =:R XJR -+R be the exponentl.al map associated 
with this metric. '!hus exp is a smooth map defined on some neighbour-
hood 0 of the zero section Rnx {O} in T lRN. We also have the following 
properties: n (a) for x E R, d exp (x,O) is an isomorphism, 
2 
(b) shrinking 0 if necessary, for XE N, VE T Nn 0 iff exp VE N. 
x 
Now let g E A (M, N) then for some null set N eM, 9 (M\N ) x {a} e 0 and is 
9 9 
compact, thus there is a neighbourhood W of zero in A (M, lRn) such that for 
U E W there is a null set N eM with 9 x u(M\N ) eO so that we may apply 
u u 
the composition property and Lemma 1.1 to exp to get a smooth map 
Further, from property (a) of exp we see that 
D(Ag (exp» (0) is an isomorphism and so by the inverse function theorem 
we have a neighbourhood of zero W' ew on which Ag (exp) is a diffeomorphism. 
We claim that (W' ,Ag(exp» is a split submanifold chart for A(M,N) at g. 
To do this we must find a sui table splitting of A (M, Rn) • Now 
N x Rn = TN ~ V(N), the Whitney sum of the tangent and normal bundles 
on N. 
1. n n Let'" 1T ,1T : N x:R -+ N X:R denote projection on to TN and V (N) 
~ ~1. 
respectively and 1T,1T these projections composed with projections onto 
. the second factor. 
~ -.1 n n n 
'!hen we can extend 1T, 1T to smooth maps R x R -+ R • 
5. 
g ~ g ~.l n n 
'!hen by the composition property A (n), A (n ) : A (M, lR ) ~A (M, lR) are 
-1 -1 bounded linear maps with images denoted A(g TN), A(g V(N». It is 
easy to see that A(M,lRn ) splits as a topological direct sum 
A (g-lTN) ~ A(g-lV(N» and to see that A(g-lTN) = {V€ A(M,lRn ) v(s) € Tg(,~;.N} 
the space of variations of g. 
Further, for v € W' , Ag (exp) v € A (M,N) iff v € A (g-lTN) and so 
(W' ,Ag(exp» is indeed a submanifold chart and the proof is complete. 0 
Recall the following result of Palais [56]. 
Theorem 1.3 Let M be a closed submanifold of a Banach space E. 
Then M has a complete Finsler structure induced by the flat Finsler 
structure on E. 
Corollary A(M,N) admits a complete Finsler structure. 
Theorem 1.4 Let N,P be closed embedded manifolds on ~, ]Rq respectively 
arid e : N ~ P a smooth map. r:rhen the map 
A(e) : A(M,N) ~ A(M,P) given by A(e) (f) = eof is smooth. 
Proof Extend e to a map ~ ~ lRq and use the composition property 
and Lemma 1.1 to get a smooth map A(e) : A(M,~) -+- A (M,:nq ) • '!be result 
now follows by restricting A(e) to A(M,N). o 
Corollary If N is embedded in ~ and lRq , the corresponding manifolds 
A (M,N)e: A (M,·~), A (M,N) e: lRq are diffeomorphic. 
We now exhibit some generalised manifold models. 
Let M be a finite-dimensional Riemannian manifold. 
6. 
Denote by AP,l (M, JRn) the space of essentially bounded functions 
M -+- JRn with distributional 1st derivatives in LP and equip it with 
the norm given by 
II f I LX) + (f I df I p * 1) IIp • 
M 
It is easy to see that -AP,l (M, Rn) is a Banach space. 
the continuous bounded functions with LP 1st derivatives, is clearly 
a closed subspace of AP, 1 (M, JRn) • It is clear that if M has finite 
volume, AP,l (M, JRn) is just L~ n L 00 (M, En) and if M is compact, CO nAP, 1 
is just cOnL~. 
Theorem 1.5 L
OO 
,AP, 1 and CO nAP, 1 are all generalised manifold 
models for M. 
Proof (a) L
oo 
Axiom (ii) is trivial, so let $ : 0 C: ~x Rq-+-Rs be 
a smooth map and let g E L
oo (M,~), WCLoo (M,Rq ) be as in the hypotheses 
of the composition property. 
g x u (M\N ) cO and is compact. 
u 
Then if U E W, there is a null-set N C Ms. t. 
u 
Thus there is an e: > 0 and a compact 
KCO s.t. if hE W and Ilu-hll < E then gXh(s) E K a.e. SE M. Now $ is 
00 
uniformly continuous on K and so the continuity of L ($) follows. 
9 , 
(b) AP,l: Axiom (ii) is s'traightforward using the Leibniz rule. 
For axiom (iii), we have already shown that composition is continuous 
00 
in L so it only remains to check the behaviour of the derivatives: 
dlP (g x w) = d 1$ (g x w) • dg + d 2$ (g x w) • dw 
then by the above: 
00 
so if w -+-w in AP,l 
n 
d.$(g,w ) -+- d.$(g,w) in L. i= 1,2 and the result follows 
1. n 1. 
since multiplication L
oo 
x LP -+-LP is continuous. 
7. 
(e) CO n AP,l: it suffices to observe that composition by 
a smooth function preserves CO and hence, by the above, CO n AP, 1. 0 
00 
Remarks (i) That L (M,N) is a smooth manifold is a result of 
00 
Krikorian [47] and it is easy to see that L is a generalised manifold 
model for any measure space. 
(ii) It is easy to see that CO n AP,l (M,N) is a closed 
submanifold of AP,l(M,N). (Here we do not require that the submanifold 
model space split the ambient model space.) 
(iii) If M is compact and p> dimM, our results on AP,l, CO n AP,l 
reduce to the well-known fact that L; is a manifold model in the sense 
of Eliasson-by the Sobolev theorem. However, the induced Finsler 
structures, and thus the induced "differential geometry", are quite 
different. 
(iv) The smoothness requirements on M and N can be lowered 
considerably. It is clear that M need only be sufficiently differentiable 
that the generalised manifold models be well-defined, while a loss of 
smoothness in N is reflected by a corresponding loss of smoothness in 
A(M,N) since the differentiability of the charts is a consequence of 
the differentiability of the exponential map on N (see Eliasson for 
precise statements [30]). 
(v) If A = Loo, or if the smooth maps are dense in A, we can 
provide differentiable structures for A(M,N) by the intrinsic method of 
Eliasson [30], without recourse to embedding N in some En. However, 
in the case of AP, 1 (p < dim M), it is unclear how to de fine the tangent 
spaces .of AP,l(M,N) at discontinuous maps without recourse to an embedding. 
'\ 
8. 
(vi) With the aid of the Palais multiplication lemma [57] it 
can be shown that the following spaces give rise to generalised manifold 
models for M compact: 
(a) Boo~P : the space of functions with essentially bounded 
derivatives up to order k-l. with k th derivatives in LP with norm 
+ Ildkfli •. 
LP 1 
L
oo 
n Ln,k (M, Rm) where n = dimM and the norm is 11.11
00 
+ 11·11 n/k i 
Lk 
(b) 
and also the corresponding spaces of continuous (continuously differentiable) 
functions. 
B. L
oo 
n Li (M,N) and harmonic maps 
Henceforth (M,g) will denote a compact Riemannian manifold. In 
A2 1 00 2 this case the generalised manifold models ' = L n Ll 
are of particular interest in the theory of harmonic maps; the regularity 
theory of Schoen-Uhlenbeck and Giaquinta-Giusti [64,32,33] shows that every 
00 2 
energy-minimising harmonic map in L n Ll (M, N) is smooth under certain 
geometric conditions on the range manifold (see chapter 2), while Hildebrandt 
o 2 
et al. [42] have shown that every harmonic map in C n Ll (M,N) is smooth 
(cf Theorem 1.8 below). 'Ihus these manifolds appear to be the' 
appropriate spaces to do some sort of critical point theory for the energy 
functional and· so we now examine some aspects of the theory of harmonic 
maps from this point of view. 
As usual, we will assume that N is properly and isometrically 
. embedded in· some Rn. 
9. 
00 2 
Recall that the tangent space to L n Ll (M,N) at ¢ is given by 
j 00 2 n 
1VE L nL1(M,lR) : vex) ET¢(x)N 
and the Finsler norm of a tangent vector v at ¢ is given by 
( 
.. "Iva "'va )! f g~J __ 0 __ 0 * 1M + essup!v(x) ! 
M ax. ax. xEM . ~ J 
00 2 
L nLl (M,N) also inherits a Riemannian structure (and hence a 
00 2 n 
Levi-Civi ta connection) from L n Ll (M,:R ) given by 
<v,w>¢ = f ~ vawa * 1 L. M • 
M a 
We summarise the situation in the following 
Proposition 1.6 00 2 L n L (M, N) is a smooth, infinite dimensional 
1 
manifold with natural Finsler and L2 Riemannian structures, containing 
CO n Li (M, N) as a closed, separable submanifold. Further: 
(i) 00 0 2 C (M, N) is dense in C n Ll (M,N) 
(ii) o 2 the components of C n Ll (M,N) are precisely the homotopy 
o 2 
classes of C n Ll (M,N) 
(iii) 00 2 if dim M ~ 2, L n Ll (M,N) is not separable. 
Proof Assertion (i) is proved by a standard mollification argument 
.. 0 2 
and implies !he separability of C n Ll (M,N) • 
Assertion (ii) is a trivial consequence of the continuity of 
00 020 
the inclusions C (M,N) -+ C n Ll (M,N) -+ C (M,N). 
10. 
For (iii), first assume dim M = n1 ~ 3. 
Let {B } be a sequence of disjoint open balls in M where the radius 
n 
of B is...!.. and for each n let ep : M -+ lR be a smooth function with 
n 2Il n 
support contained B , 0 ~ ep ~ 1, ep :: 1 on some open U C B and 
n n n n n 
sup I 'Yep (x) I ~ K2n where K is· a constant independent of n. Now let 
XEB n 
n 
{ep } be a subsequence of the {ep } and let s = 
nk n r 
'!hen 
lis II =1 and 
n n ~r 22n C ~r 1 .... C ~ -nm ~ ~ ( 2) ;:;. • r 00 
n=l 2 n=12 m- n 
'!hus {s } is uniformly bounded in L2 (M is compact~) and so a 
r 1 
subsequence {sr} converges to some s weakly in Li and pOintwise almost 
everywhere, thus s (x) = 1 a. e. x E U and s (x) = 0 
nk 
It is clear that we may' sum any subsequence {ep } in this manner and 
nk 
if sl,s2 are the sums corresponding to different subsequences, sl' s2 
disagree on some B \\hence II (5 1-s2 ) lu II = 1 n n ~ and so II s 1-s2 II 00 ~ 1. L n L2 
1 
'!hus we have generated a discrete uncountable subset of Loon L2 (M, lR) 
1 
which is therefore not separable. It easily follows that L
oo 
n Li (M,N) 
is not separable. 
If dimM = 2, the proof is rather more involved and is therefore 
relegated toan appendix. o 
11. 
Now for 4> E L
oo 
n Lt (M,N) recall that the energy of 4> is given by 
So E : Loon L~ (M,N) -+ JR is the restriction of a continuous quadratic 
form on Loo n Li (M, JRn) .and is therefore smooth. 
= 
J <d4>,dv> * 1 
M 
J <d4>, 'iJv> * 1 
M 
-1 \oghere 'iJv is the component of dv in 4> TN. 'iJv can be identified with 
the co-variant derivative of v in 4>- l TN if 4> is sufficiently smooth .• 
Thus we conclude that the critical points of E are precisely the weakly 
harmonic maps in L
oo 
n L~ (M,N) which we denote by Harm(M,N). It is 
immediate from the smoothness of E that Harm(M,N) is closed. By 
results of Hildebrandt [42] we have 
o 00 Harm(M,N) n C (M,N) = Harm(M,N) n C (M,N). 
However, as many authors have remarked 
n n-l x . (n n-l) 4> : B -+ S given by 4> (x) = TXT 1.S in Harm B ,S 
... 
so that Harm(M,N) n CO (M,N) * Harm(M,N) • 
Proposition 1.7 o Harm{M,N) n C (M,N) is locally compact in 
00 2 L n Ll (M,N) and open in Harm(M,N). 
The proof is based on the following a priori estimate of Hildebrandt-
.\ 
12. 
Giaquinta [34]: 
Theorem 1.8 Let U be a compact manifold with boundary and <I> E Harm(U,N) 
with <I>(U) contained in a regular ball BR(y) in N. '!hen <I> E Harm (U ,N) n" 
o C (U,N) and for each open nee U there is a number c depending only on 
n,dim U,R and the C2 norms of the metrics on U and BR(y) s.t. 
s up I dct> (x) 1 ~ c. 
XEn 
Here a regular ball BR(y) is a geodesic ball disjoint from the cut-locus 
)0 
of Y with R < ~ where k/is an upper bound for the sectional curvatures 2vk (.. 
on BR (y) • 
Proof of Proposition 1.7 Let ct> E Harm(M,N) n CO (M,N) and cover 
ct> (M) with open balls BR (y), y E <I> (M) so that each B2R (y) is regular. 
y y 
Since M is compact, so is ct> (M) so we take Yl' ••• Y
n 
E <I> (M) such that 
BRI (yl),···,B
Rn 
(Y
n
) cover ct>(M) and B2Ri (Yi ) is regular for each i. Let 
U. = ct> -1 (B
R 
(y.», then the 
~ . ~ 
~ 
U. form a finite open cover of M and there are 
~ 
m 
xl •• • • Xm EM, 0 1 ••• 0 m s • t. U Bo (x.) = M and each Bo (x.) CCUi some i. i j J j J 
Now let R= min R. and let U = {u E Loo n L~ (M,N) : Ilu-<p 1100 < R }. 
l~i~n ~ 
Then U is open in LoonL~(M,N), and if uEUnHarm(M,N), U(Ui )CB2R . (Yi ) 
~ 
and so is continuous on U. by theorem 1.8. 
~ 
Thus U n Harm(M,N) ceo (M,N) n 
Harm(M,N) ~id so the latter is open in Harm(M,N). 
Further there is a number c. s.t. IIdull oo < c J
' on Bo (x.) and thus 
J j J 
un Harm(M,N) is bounded in C1 (M,N) • 
13. 
We have the classical estimate of Agmon [2]: 
where ~ is the Laplace-Beltrami operator on M. Since u is harmonic, 
the CO norm of ~u is bounded in terms of the C1 norm of u and thus 
u n Harm (M,N) is bounded in L~P for all p. Taking p large enough and 
applying the Sobolev-Rellich-Kondrachov embedding theorems shows that 
1 00 2 U n Harm(M,N) is compact in C (M,N) and hence in L n Ll (M,N) • 
Now let <1> be a continuous (and hence smooth) critical point of E 
and consider the Hessian: 
Since <1> is a critical point, this can be identified with the second 
fundamental form of E w.r. t. the L2 Levi-Civita connection on 
00 2 L n Ll (M,N) • 
A calculation in [23] shows that 
d2E<1> (v,w) = J <J<1>v,w> where J<1> is a second order positive 
M -1 
linear elliptic operator on <1> TN, the Jacobi operator, given by 
J<1> =' ~ <1> - Trace RN (d<1>,.) d<1>. 
sections of <1>-lTN. 
Here ~<1> is the Laplacian on 
J <Vu,Vw> - <Trace RN{d<1>,v)d<1>,w> 
M 
* 1 M 
o 
14. 
it is clear that d2E~ extends to a continuous quadratic form 
Say that ~ is non-dege~f~~Wif this extended quadratic form is non-
degenerate. 
The ellipticity and positivlty of J~ ensure that the spectrum 
of J~ is discrete and bounded below and that the eigenspaces of J~ are 
finite-dimensional and smooth. 
The index of ~ is the sum of the multiplicities of the negative 
eigenvalues and the nulli ty of ~ is the dimension of Ker J ~ • If ~ has 
index zero, it is said to be stable. It is clear that ~ is non-
degenerate iff ~ has nullity zero. 
Remarks 
(i) If the metrics on M and N are changed, the differentiable 
00 2 
structure of L n L1 (M, N) remains fixed (theorem 1.4), but the Finsler 
geometry changes and so does the energy function. The critical point 
theory of the energy; number of critical points, their index and nullity, 
stability and non-degeneracy and so on, is sensitive to changes in the 
metric as the following example of Sampson demonstrates for harmonic 
maps of S1 (geodesics) into' a cylinder whose metric varies: 
1. A stable critical point which is non-degenerate up 
to rotations of 51. 
15. 
() 
2. A stable but degenerate critical point. 
3. No critical points. 
For results concerning the behaviour of harmonic maps as the metrics 
are deformed see [21]. 
(ii) Another topic of interest is the question of removable 
singularities for harmonic maps: if cp€Harm(M\S,N), under what 
conditions on S is cP € Harm (M, N), for a characterisation in terms of 
capaci ty see [24]. 
(iii) Lemaire has pointed out that E does not, in general, satisfy 
Palais-Smale condition C on Loon Li (M,N) since there are examples where 
E does not achieve its infinum on a component: e.g. inf E (CP) = 0 for 
cp€H 
H 00 2 n n the component of the identity map in L n Ll (S ,S ), n ~ 3. 
16. 
Appendix 1: Non-Separabili ty of Loon L~ in the Sobolev limi t 
00 n Proposition A.I: Let dimM=n, then L nL1(M,N) is non-separable. 
(L"" n L~ is equipped with norm lIull"" + (~Iduln)l/). 
The proof below was suggested to me by Professor J.F. Toland. 
Proof It suffices to consider M = B~, the unit n-ball, and N = lR. 
Let cp : B~ + lR be an unbounded function with support contained in" B~ 
and finite L~ norm (eg. cp (r,e) = 1JJ (r) log log~ where 1JJ:: 1 r < ~,1JJ:: 0 r> a 
see Adams [ 1]). 
Let cp (x) = cp (~) • 
r. r 
Then cp has support contained in Bn and 
r r 
Now define k n cp : Bl + lR by 
cpk (x) = cp (x) if cp (x) ~ k 
if cp (x) ~ k. 
'nlen 
Thus 
<~ 
- k • 
00 n 
Thus given a disjoint sequence of balls {Bn} we can find CPn € L n Ll (Bl ,R) 
with support(cp ) CB 
n n 
of non~separability proceeds exactly as in Proposition 1.6. 
\ 
o 
17. 
Remark n Analysis in Ll has many interesting properties: Schoen-
Uhlenbeck [65] have shown that Coo(M,N) is dense in Li(M,N) (thought 
of as a closed subset of L2 (M, JRn» 
1 
.. 
, dimM ~ 2. '!heir methods 
00 n 
apply equally to show that C (M,N) is dense in Ll (M,N) for dim M = n. 
18. 
CHAPTER 2 
HARMONIC MAPS OF FINITE ENERGY FROM NON-COMPACT MANIFOLDS 
In this chapter, we establish the existence of harmonic maps of 
finite energy from non-compact Riemannian manifolds into certain 
Riemannian manifolds. This question has been studied by Schoen-Yau 
[66] in the case where the range has non-positive sectional curvatures 
and by Lemaire [49] in the case of two-dimensional domain. 
The method of these previous authors required a priori bounds 
on C1 or Holder norms of harmonic maps to ensure convergence of a 
suitable sequence of harmonic maps. We have recourse to the powerful 
regularity theory of Schoen-Uhlenbeck [64], which does not provide 
a priori estimates and so we must use a different technique to establish 
the existence of a harmonic map. It turns out that the necessary 
technique is a simple variant of the direct method of the calculus of 
variations. 
00 
Henceforth all manifolds will be assumed to be smooth (C ) connected, 
finite-dimensional and endowed with a fixed Riemannian metric. 
1. Spaces of Maps 
Let M be a manifold, possibly with boundary. 
the space of square integrable functions from Minto EK with square 
integrable first derivatives in the sense of distributions. 
is a Hilbert space with inner product given by 
<f,g> 
1,2 
= J <f,g>dv + J <df,dg>dv 
M M 
where dv is the-volume element on M and the inner product in the second 
19. 
integral is the Hilbert-Schmidt inner product on Hom (Tt'11~"'~) • 
2 K Denote by Ll 0 (M, R ) 
, 
the closure in L2 (M, RK) of the space of 
1 
smooth functions with compact support. 
Denote by L21 1 (M, ]RK) the space of functions whose restriction 
, oc 
to any open set U with compact closure in M are in L2 (U,RK). 
1 
It is 
clear that these three spaces coincide if M is compact and without 
boundary. 2 K Recall that the energy of a map f € L (M,:R ), denoted 
E(f), is given by 
E(f) ! f<df,df>dv. 
M 
Lemma 1.1 Let M,N be compact manifolds. 
f (x,.) € L2 (N, RK) for a. e x € M and conversely. 
1 
1 
Proof By Fubini's theorem we have that f(x,·) and df(x,·) are 
square integrable on N for a. e x € M. We must show that the weak 
derivatives of f(x,·) coincide with the restrictions of df. It suffices 
to work locally, so let (U,x , ••• ,x ), (V,y , ••• ,y ) be co-ordinate 1 mIn 
charts on M and N respectively, and let n,llJ be cf' functions with supports 
contained in U and V respectively. 
'!hen 
f af n (x)llJ (y)a- dxdy 
uxv Yi 
= - f n{x)~t (y) f{x,y)dxdy. 
uxv i 
'!hus 
f n (x) (f llJ (y) ~yf + ~llJy (y) f dY) dx = 0 
U Vii 
so that, since llJ,n were arbitrary, for a.e af th X € M ( x ·) 1.' s the 1.' 
, ay, ' 
weak derivative of f(x,·) and the lemma follows. 
"\ 
1. 
o 
20. 
We now collect the necessary convergence and semi-continuity results 
about L2 (M, lRK) • Proofs may be found in Morrey [52]. 
1 
Lemma 1.2 Let M be a compact manifold and let {f } be a bounded 
n 
sequence in L2 (M,lRK). 
1 
Then {f } has a subsequence {f.} which converges 
n J 
to some f E L2 (M, ]RK) 
1 
weakly in L2, strongly in L2 and pointwise almost 
1 
everywhere. Further 
E (f) ~ lim inf E (f. ) . 
J 
Now let N be a complete manifold which we assume to be isometrically 
and properly embedded in some ]RK by the theorem of Gromov-Rohlin. 
Let L2 (M,N) denote {f E L2 (M, RK) : f (x) 
1 1 
L2 (M,N) and L2 (M,N) similarly. 
1,0 1, loc 
closed subset of L2 (M, RK) • 
1 
E N for a.e x EM} and define 
It is clear that L2 (M,N) is a 
1 
Recall that a C2 map f : M -+- N is said to be harrocmic if f extremises 
the energy with respect to all compactly supported variations in 
00 
C (M,N). 
Definition A Riemannian manifold N is said to be homogeneously 
regular if there exist positive constants c,e such that any point of 
1 2 
n N is in the domain of a co-ordinate chart e: V -+- R whose image is the 
unit ball and 
for any y E V, YET N. 
Y 
In particular, any compact manifold is homogeneously regular. 
21. 
We record a result of Morrey [51,521 that will be useful in the next section. 
Theorem 1.3 Let N be homogeneously regular and let ct> e: L2 (02 ,N) 
1 
with continuous boundary values in the L2 sense. 
1 
Then there is a 
harmonic map f : 0 2 -+ N, smooth on the interior, continuous on 0 2 such 
that 
f\b02 
2. Induced Maps on 1T 1 (M) 
Following Schoen-Yau [68], we define a map on fundamental groups 
induced by a map f e: L2 (M,N) • 
1 
Let ~+l be a compact m+l dimensional manifold and let Y
I
' ••• 'Y 1 
be embedded curves in Mm+l which form a generating set for 1T (~+l,*). 
1 
We assume that each Yi is defined on [-2,2], Yi(O) =* each i and that 
Y . = y. on ( -1, 1) for 1 ~ i, j ~ 1. 
1. J 
. ..m+l Let Ti be a tubular neighbourhood of Y i in M such that 
~ : SI x rm-+ T. is a smooth immersion. Here rm is the unit m-ce1l and 
1. 1. 
SI is thought of as [-2,2] mod{-2,2}. 
m Is For s e: r , let Y i : S -+M be the curve given by Y i (t) = $1 (t,s) and 
s s 0 
assume that Y i and Y j agree on (-1,1) for 1 ~ i,j ~ 1 and that Y 1 = Y i for' 
each i. 
Lemma 2.1 2 m+1 Letfe:L(M ,N). Then f may be taken to be continuous 
1 
on s f s· e: rm. y. or a.e 
1. 
Proof Using $. to identify L2 (T. ,N) with L2 (SI x rm,N) , the 
1. 11.1 
resul t is iInIredia te from Lemma 1.1 and Sobo1ev' s theorem. o 
22. 
Lemma 2.1.1- Let f E L2 (M,N). Then f may be represented by a map, also 
1 
called f, with the following property (the A. C. property) i. 
For each co-ordinate chart on M, (U,x , ••• ,x ) and each a : 1 ~ a ~ m 
1 m 
f is absolutely continuous in x for almost all values of the other 
a 
variables. 
Further this representative may be defined almost everywhere as 
the Lebesgue derivative of the set function 
n -+ f idx , 
n 
where f is any representative of f. 
proof Morrey 152J , Lemma 3.1.8. 
Henceforth we shall work exclusively with this representative. 
o 
Proposition 2.2 [68J Let dimM=2 and f E L2 (M,N}. For s,t E I, if f 
1 
.. s t ( s) t) ~s cont~nuous on y. and y. then f y. is homotopic to fey .• 
Proof 
~ ~ ~ ~ 
Identifying T. with sl x I, for almost all e E Sl, f is 
~ 
continuous on the ray e = constant, which we denote by 0 e • For such a 
a, f is continuous on the path y given by 
which bounds an immersed disc on which f is L2. Further, since f has 
1 
the A.C. property, the L2 boundary values of f on y coincide almost 
1 
everywhere with the restriction of f to y. Thus by theorem 1.3, fey} 
bounds a disc in N and so is contractible. The proposition follows 
immediately. 0 
'\ 
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Remark By choosing the same e € (-1,1) for each i, we observe 
s t 
that there is a curve a from y, (0) to y, (0) on which f is continuous 
.1. 1. 
so that the based homotopy classes [f(y~)J and [f(y~)J are conjugate 1. 1. 
via f(o) for each i. 
The following generalisation has been claimed by Schoen [63J but 
there seems to be no proof of it in the literature. 
proposition 2.3 Let f € L2 (Mm+l ,N). Then there is a co-null subset 
1 
m m h h m f" s d 1.'f m th If C I sue t at for s € If' 1.S cont1.nuous on y i an s, t,€ If' en 
f(Y~) is homotopic to f(Y~) for each i. 1. 1. 
Proof As before we identify Ti with SIx 1m• 
By lemma 1.1 there exist null-sets Nj Cl j , 1 ~ j ~ m such that for 
x € Ij\N j , 
m m 1 In particular, for x € I \ N ,f ( . ,x) is continuous on S. Further, since 
f has the A.C. property on Sl x 1m, it is easy to see that there is a null 
set 'Nj =>Nj such that for x € I j \ ~ 
f( • ,x) has the A.C. property on Sl x I m- j • 
Define I~ by 
1m ~ {(xl' .•• ,x
m
) € 1m : f(· ,x. 1' ••• ,x ) € L2(Sl x I j ) and has ~f J+ m 1 
the A.C. property on Sl x I j fo~" each j : 1 ~ j ~ m }. 
m m-j j -j m Since If =>0 1 x (I \N), it is clear that If is co-null. 
. ) 
We prove the proposition by induction on m, the case m = 1 being true 
by proposition 2.2. 
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Suppose now the proposition is true for m-l. 
Let x = (x , •.• , x ), y = (y , ••• , y ) E I m
f
• Then f ( • , x ), f ( • , Y ) are L 2 
1 m 1 m m m 1 
1 m-l 
on S x I and have the A. C. property there. Further, we have 
m-l m-l 
x' = (x 1 ' ••• ,x m-l) E If ( • ,x
m
) , y' = (y 1 ' ••• , y m-l) E If ( • ,y m) so by the 
m-l 
induction hypothesis, for a. e. Z E I , f ( • , z, x ) and f ( • , z, y ) are 
m . m 
continuous on S1 and we have 
f ( • ,Z, x ) ~ f ( • ,x), f ( . ,z, y ) ~ f ( • ,y) 
m m 
m-l L2 Now, arguing as above, for a.e. Z E I ,f(· ,z, .) is and has 
1 
the A.C. property on Sl x I so that 
m-l f ( • , Z, x ) ~ f ( • ,Z, Y ) for a. e. Z 6-1 , 
m m 
by Proposition 2.2. Thus f( • ,z) ~ f( • ,y) and the proposition follows. 0 
m Agg.in with a little·more work". 'we can see that for s,tE If there 
is a curve a from y~(O) to y~(O) on which f is continuous so that the 
~ ~ 
based homotopy classes [f(Y~)] and [f(Y~)] are conjugate by f(a) for 
~ ~ 
all i. 
m+l Now let a be a contractible curve in M • Then a is the boundary 
of an immersed 2-disc in Mm+l Take a tubular neighbourhood T about 
2 m-l this disc so that l/J : D x I -+- T is an immersion and define the path 
r,x y by 
l/J (r ,6, x) 
2 m-l 
where (r,6) are polar co-ordinates on D and x E I 
Proposi tion 2.4 If f E L2 (Mm+ 1 ,N), then f is continuous on yr, x 
. 1 
d f(yr,x) bl () [1 ] m-l an is contracti e for a. e. r ,x E 2' 1 x I • 
24a. 
Proof d · . h 2 m-l I ent~fy T w~ t D x I • 
As in proposition 2.3 we have a co-null set. 
that for (r,x), (s,y) Elf' f( . ,x) is L~ and has the A.C. property 
on D 2 and f (r, • ,x), f (s, • ,y) are continuous and mutually homotopic. 
An application of theorem 1.3 now shows that f(r, • ,x) is contractible 
for all (r,x) E If and the proposition is proved. 
We are now in a position to define the map f induced on the 
fundamental group of M by f E L2 (M, N) 
1 
s 
. 1m d t * _ o() F~x So E f an se f - Y i O. 
Define f# : 1T 1 (M, * f) -r 1T 1 (N,f(* f» by 
s 
[ f (y . 0) ] for 1 ~ i ~ JL 
~ 
D 
on the generators and extend f# so that it is a group homomorphism. 
Proposition 2.4 ensures that this homomorphism is well-defined. Further, 
if we choose another s E I~, then by proposition 2.3 and the remarks 
following it, the corresponding homormorphisms are conjugate. 
Of course, if f is continuous, f# is the usual map on 1Tl (M) • 
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3. Existence of a weak solution 
Let M be a complete non-compact manifold and let N be a compact 
manifold. Exhaust M b~ an increasing sequence of compact manifolds 
with boundary; {M } • 
n n 
00 
Let <p e: C (M, N) have finite energy and define H <p as follows: 
{ fe: L2 1" (M,N): for each n, (fIM) = T -l(<P\M )#T 1, oc n # n n n 
for some path Tn from f(*f) to <P(*f)} • 
00 
It is clear ~at H<p contains all C maps from M to N that are homotopic 
to <p on compact.a. Since <pe: H<p' H<p is non-empty and contains maps of 
finite energy. Let I be given by 
Proposition 3.1 There is a map fo e: H<p such that E(fo ) = I. 
Proof Let {fi } be a minimising sequence for the energy in H<p. 
Consider {fiIMn}i for some n. Since N is compact and {E(fi )} .is 
bounded, it is clear that {fiIMn}i is uniformly bounded in L~(Mn,~K). 
So, by Lemma 1.2, a subsequence {f. 1M }. converges to some fen) E: L2(M ~K) 
J n J 1 n' 
weakly in L2, strongly in L2 and pointwise almost everywhere. The 
1 
pointwise convergence ensures that f(n)e: L2(M ,N) and we have 
1 n 
... (n) 
E (f ) ~ lim inf E (f .1 M ) • 
. J n J~ 
Now if Y , ••• ,y are generating curves for TI (M ,*) with tubular 
1 i 1 n 
neighbourhoods .T
l
, ••• ,T i which we identify with Sl x 1m, then the 
uniform boundedness of {E (f.)} together with Fatou's Lemma shows that 
'\ J 
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for a.e. s E 1m, there exists a number K such that 
s 
for infinitely P\a.Ily j. 
Thus, from the compactness of N, Rellich's theorem and 50bolev's 
s theorem, we get a subsequence {fj } converging uniformly on Yi , for 
each i. m s So, for a.e. s E 1 , there is a j such that fj (Yi ) is 
uniformly close to and hence homotopic to fen) (Y~). Thus 
Now using a diagonal argument, we choose a subsequence of {fi }, 
also called {f.}, so that for each n {f. 1M } converges to some fen) 
~ ~ n 
as above. Define f : M-+N by putting f equal to fen) on M. f 
o 0 n 0 
(n) (n+ 1) is well-defined since f and f agree a.e on l1 by pOintwise 
n 
convergence. Further, f E L21 1 (M,N) and indeed f EH by (1) above. 
o ,oc 04> 
Lastly, 
1 S E(f ) = lim E(f 1M ) 
o 0 n 
n~ 
lim E(f(n» 
n~ 
S lim (lim inf E (fi 1M » n~ i~ n 
S liminfE(fi ) = I i~ 
so that f is indeed the required map. 
o 
o 
(1) 
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4. Regularity 
Let M be compact manifold (possibly with boundary). 
Definition A map f E L2 (M, N) is said to be E-minimising on e:-balls 
1 
if E (f) ~ E (w) for any w E L2 (M, N) which agrees with f off some ball 
1 
B of radius less than e: i.e. if f=w on M\B and (f-w) \B E Li,o (B,N). 
Definition A COO map u : sm ~ N is said to be a minimising tangent 
( MTM) i f . t h t . - m+ 1\ {} . b map l. s omogeneous ex enSl.on u to lR 0 gl.ven y 
. E . . . . t ,... 1()Nt'f', <01 • l.S -IDl.nl.IDl.sl.ng on compac a. .,'~ t J 
It is clear that minimising tangent maps are harmonic. We 
recall the fundamental regularity theorem of Schoen-Uhlenbeck [64], 
(see also Giaquinta-Giusti [32,33]): 
Theorem 4.1 [64] Let f E L2 (M,N) be E-minimising on e:-balls for some 
1 
e:. Then if N is compact: 
(a) f is smooth in the interior of M off a set of Hausdorff dimension 
no greater than dimM-3. 
(b) if there are no non-trivial MTMs of r-spheres into N for 2 ~ r ~ dimM-l 
then f is a harmonic map smooth on the interior of M. 
This theorem is a generalisation of the following theor~of 
Morrey which we shall need in Section 6. 
Theorem 4.2 [52] If dimM=2 and N is homogeneously regular and 
f E L2 (M, N) is E-minimising on e:-balls for some e:, then f is a harmonic 
1 
map smooth on the interior of M. 
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Lemma 4.3 The limit map of proposition 3.1, f , is E-minimising 
~~~ 0 
on £-balls for some £ on(Mn. 
Proof We choose £ to be less than half the • width' of the 
tubular neighbourhoods about the generating curves of the various 
1T (M ). 
1 n Then, if w € L2 (M ,N) and agrees with f 1M off some £-ball, 1 non 
we can extend w to W € L21 1 (M,N) by setting w equal to f on M\M 
, oc 0 n 
and it is clear that w € H<p. 
Thus 
E(f 1M ) + E(f IM\M ) = E(f ) ~ E(w) 
o non 0 
and the lemma follows. 
E(w) + E(f IM\M ) 
o n 
o 
Theorem 4.4 Let M be a complete manifold and N·a compact manifold 
admitting no non-trivial MTMs of r-spheres for 2 S r S dimM-l. Let 
co 
<p € C (M,N) with finite energy and define H<p as above. Then there 
exists a smooth harmonic map fo € H<p minimising energy aIOOng all maps 
in H<p • 
5. Topology 
It is well-known that if N is a K(n,l), the homotopy classes of 
maps from a compact Minto N are in bijective correspondence with the 
conjugacy classes of homomorphisms from 1T (M) to 1T (N) (see eg. Spanier 
1 1 
Thus, in that case, the continuous elements of H<p are all 
homotopic to <p on compacta. 
Further we have the following theorem taught us by V.L. Hansen [39]: 
29. 
Theorem 5.1 Let M,N be connected c-w complexes with M countable 
and N a K (IT, 1). let f, g : M -+ N be maps that are homotopic on compacta, 
then f,g are homotopic as maps from Minto N. 
Thus we may conclude 
Theorem 5.2 let M be. complete Riemannian manifold and N a compact 
Riemannian manifold which is a K(lT,l), and admits no non-trivial MTMS 
of r-spheres for 2 ~ r ~ dimM-l. Then any homotopy class of maps of M 
into N containing a map of finite energy, contains a smooth harmonic 
map minimising energy in the homotopy class. 
Remark In the case of two-dimensional M, the topological 
condition on N can be weakened to only requiring that IT (N) vanishes. 
2 
Also the 'MTM' condition is vacuous and so our theorem reduces to that 
of Lemaire in this case (see [49] ). 
The results of Sacks-Uhlenbeck include the following: 
Proposition 5.3 [60] If N admits no non-trivial harmonic maps of 
2-spheres, then the universal cover of N is contractible and N is a 
K(lT,l) • 
Thus compact manifolds N which admit no harmonic spheres satisfy 
the hypotheses of theorem 5.2. We note the following examples of such 
manifolds (see 0[20] ) • 
(i) N"'has all sectional curvatures non-positive [7], or, more 
generally, 
(ii) the universal cover of N has no focal points [18,76]. 
(iii) N is a surface whose univeorsal cover has no conjugate points 
[12] . 
\ 
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All these examples are subsumed under the general glass of manifolds 
whose universal covers are convex supporting, [36]. 
6. Harmonic maps into non-compact manifolds 
An examination of the proof of theorem 5.2 shows that the 
compactness of N was used to ensure L2-boundedness of the minimising 
1 
sequence in proposition 3.1 and as a hypothesis in the regularity 
theorem 4.1. But if M is a surface, the regularity requirement can 
be weakened as in theorem 4.2 to the demand that N be homogeneously 
regular. So, in this case, we can prove existence theorems for non-
compact range manifolds under conditions that ensure the L2 boundedness 
1 
of a minimising sequence. 
Lemaire has discovered two such conditions, the first of which is 
a growth condition analogous to that of Uhlenbeck [72]: 
+ + 
'Ihere exists a function g : ]R ""']R with lim g(r) = 01) such that 
r-+clO 
for some b € N, the geodesic ball B (y,g(dist(b,y») is contractible 
for every y € N. 
Theorem 6.1 Let M be a Riemann surface and N a complete homogeneously 
regular manifold with 1T (N) = 0, which satisfies the above growth condition. 
2 
'Ihen any homotopy class of maps from Minto N containing a map of 
finite energy, contains a smooth harmonic map minimising energy in the 
homotopy class. 
Proof We may assume that M is complete since M is conformally 
equivalent to a complete Riemann surface and the energy is conformally 
invariant. 
Further we assume the homotopy class is non-trivial, otherwise 
there is nothing to ~rove. Let cP be a smooth map in the homotopy class 
~ 1C. . 
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with finite energy. Since 1T (N) = 0 and ~ is homotopically non-trivial, 
2 
there is an element, [y] say, of 1T (M) such that ~(y) is not contractible. 
. 1 
Now exhaust M by an increasing sequence {M } of compact manifolds with 
n 
boundary such that the image of y is contained in Ml and define H~ as 
before. We may assume that y is one of the generators of each 1T (M ) 
1 n 
and then, if {fi } is a minimising sequence for the energy in H~, we see 
that f. ([y]) is homotopically non-trivial for all i. 
1. 
As remarked above, it suffices to find a subsequence {fj } such that 
{f. 1M} is uniformly bounded in L2(M ,N), for each n. 
J n 1 n 
By Fatou' s Lemma, as in proposition 3.1, for almost all s € I there 
is a number K such that 
s 
s for some subsequence {fj }, and thus the lengths of the curves fj (y ) 
1~ 
are uniformly bounded by (lsllK )2. So {f.} is uniformly L2-bounded 
s J 1 
on yS and therefore, by a result of Morrey (Lemma 9.4.14 [52]), {fj\Mn} 
is uniformly bounded in L2(M ,N) for each n,whence the theorem follows. 0 
1 n 
Even when the growth condition is not satisfied it is possible to 
prove existence of harmonic maps in some homotopy classes. 
Theorem 6.2 Let M be a Riemann surface and N a complete homogeneously 
regular manifold with 1T (N) = O. 
2 
Let H be a homotopy class of maps from 
M to N containing a map of finite energy and suppose there is a loop a 
in M and a compact subset K of N such that for all f € H , f (a) n K is non-
empty. '!hen H contains a harmonic map minimising energy in H. 
~ "1I.Nt.:z. Cc3 Y1 J~~ .. '., ~ 
~~~c.9 ~thV\ q ~ 
bc...\l. 
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Remark This last condition (again due to Lemaire) is implied by 
the following condition of Schoen-Yau [67]: 
rrhere exis ts f E H, a cycle a E H (M) and a compact subset K 
1 
of N such that f*(a) is not homologous to zero in H (N,N\K). 
1 
Example The above condition is easily seen to be satisfied by any 
non-trivial homotopy class of maps into a countable connected sum of 
isometric 2-tori. 
Proof of Theorem 6.2 The argument in rrheorem 6.1 applied to a shows 
that the curves {f. (a)} stay within a fixed distance of K for some 
J 
subsequence {f.} and then we proceed as before. 
J 
o 
33. 
CHAPTER 3 
MAPS THAT COMMUTE WITH THE CO-DIFFERENTIAL 
In this chapter, we characterise those surj ecti ve maps from one 
Riemannian manifold onto another whose action on vector-bundle valued 
differential forms commutes with the co-differential, d*. 
This extends and corrects a theorem of Watson [73] who considered 
this problem for real-valued differential forms. 
We remark that since all maps commute with exterior derivatives, 
d*-commuting maps commute with the harmonic map equation and the Yang-
Mills equations. 
1. Definitions and Notations 
Let (M,g) be a Riemannian manifold and 1T:E -+ M a vector bundle with 
a Riemannian structure ie. a metric a and a connection V with Va = o. 
The E-valued p-forms on M are defined to be the sections of 
APT*M ® E. 
The co-differential d*:Coo(APT*M ® E) -+ C~(Ap-lT*M 0 E) is the formal 
adjoint (with respect to g ® a) of the exterior derivative. It can be 
defined in terms of the Levi-Civita connection on M and the connection 
on E as follows: 
d*a (X , •• ,X l)=-I:(VE a) (E. 'Xl' •• ,X 1) where x f: M, {X. }~T M, xl. p- i i ~ p- ~ x 
{Ei } is an orthonormal basis of TxM, a € C~ (APT*M 0 E) and V is the 
induced connection on APT*M ® E. 
Now let (M,g) , (N,h) be Riemannian manifolds of dimension m and 
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n respectively and 1T: E -+ N a vector bundle over N with a Riemannian 
structure. Let CP:M -+ N be a surjective map. We say that cP is 
d*-commuting on E-va1 ued p-forms if, for all a ( CaJ (APT*M Q E), 
-1 d*cp*a = cp*d*a where both sides are cP E-valued p-l forms 
and cP-1E is equipped with the pull-back connection. 
If cP is a submersion, we call the kernel of dCP the vertical 
distribution and its orthogonal complement with respect to g the 
horizontal distribution. 
If dCP is an isometry on the horizontal distribution, then cP is 
called a Riemannian submersion. 
2. The Characterisation 
Theorem 2.1 (i) CP:M -+N is d*-commuting on E-valued l-forms if 
and only if cP is a harmonic Riemannian submersion. 
(ii) For any 2 S P S n, CP:M -+ N is d*-commuting on E-valued 
p-forms if and only if cP is a harmonic Riemannian submersion with 
integrable horizontal distribution. 
Remark In the case of real-valued l-forms, theorem 2.l(i) is due 
to Watson [73]. 
'!he proof of the theorem is contained in the following two lemmata, 
the first of which is due to Watson [73]. in the case of real-valued forms. 
Lemma 2.2 Let 1 S P S n, then cP is d*-commuting on E-valued p-forms 
if and only if cP is a Riemannian submersion and d*APdCP = 0, where APdCP 
is thought of as a APcp-1TN-valued p-form. 
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Proof Suppose ~ is . d*-commuting on E-valued p-forms for some p. 
Fix x € M and let {xl' ••• ' x }, {y , ••• , y } be local co-ordinates about 
o mIn 
x and ~(x ) respectively and {a } a local trivialisation of E about 
o 0 Cl 
~ (x ). 
o 
locally 
Let W be an E-valued p-form on N vanishing at ~(x ), so that 
o 
Cl 
oo=w 
a •.•• a 
I p 
with each wCl ••• a vanishing at ~(x ). 
a l p 0 
Thus at xo ' 
Cl -(d*~*oo) , , 
1. ••• 1. 1 
Similarly, at x • 0' 
I p-
Cl -(~*d*oo) , 
i ... 1. I 1 p-
= ij('V ,J..*)Cl 
g 3,'+' 00 j,i ••• i 1 
1. 1 p-
iJ'~ (,J..* Cl ) 
= g 0, '+' 00, i 
1. J, ••• i I p-
ij Cl a a· ap g 3i (oo (~). ~'~i2···~i ) a,a2···ap ) p-l 
= 3 ooCl (,J..b,J..a ij),J..a2 ,J..ap b '+'i'+'jg '+', ···'+'i a,a ••• a 1. I 
2 P 1 p-
a 2 a ( *)Cl ~, ••• ~iP -d W 
1. 1 a ••• a 1 p- 2 P 
a a ab Cl 
= <1>.2 •• • <p.P h <4» (V~ 00) 
1. 1. I 0b a,a ",a 1 P- 2 P 
a a ab Cl ~, 2 ••• ~iP h (~) 3bw 1. I a,a ••• a 1 P- 2 P 
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Now dbWa (~) is arbitrary, so that if rank d~(xo) is greater 
a,a ••• a 
2 p 
than (p-l) we can find {a , ••• ,a }, {i , ••• ,i l} such that 
2 PIP-
a a ~ . 2 ••• ~iP (x) * 0 whence 
~ 0 
1 p-l 
which is precisely the condition that ~ be a Riemannian submersion at 
x. Thus, for any x € M, ~ is either a Riemannian submersion at x or 
o 
has rank S (p-2) at x. ~-1e shall dispose of the second possibility 
below. 
We have the following identity, valid for any map ~:M -+ N and any 
E-valued p-form on N, which I learnt from Dr. John Rawnsley: 
This is just a Leibnitz formula when we identify ~*w with ~-lwoAPd~ 
where ~-lw is a section of cf>-l(APT*N ® E) = cf>-lAPT*N ® ~-~ and APd~ is 
viewed as a section of Hom(APTM,APcf>-lTN). 
Now, if ~ is a Riemannian submersion at x, taking traces, we have 
d*cf>*w = w(d*APdcf» + cf>*d*w at x. 
Since cf> is d*-commuting, we conclude that d*APdcf> (x) = o. If dcf>(x) has 
rank S (p-2), then cf>*(Vw) and cf>*d*w vanish identically and, again taking 
traces, we have 
d*~*w = W(d*APd~) + cf>*d*w at x. 
Again we conclude that d*APdcf> = 0 at x and thus that d*APdcf> vanishes 
identically. Since dAPdcf> always vanishes we may apply the unique 
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continuation theorem of Aronszajn-Krzywicki-Szarski [4] to conclude 
that since ~ is surjective, rank d~ ~ P on a dense open set. '!bus 4> 
is a Riemannian submersion on a dense open set and so is a Riemannian 
submersion everywhere~ 
'!he converse statement is immediate from the above formulas. 0 
Part (i) of the theorem is now proved since the vanishing of d*d~ 
is precisely the condition that ~ be harmonic. 
Lemma 2.3 If ~:M -+- N is a Riemannian submersion, then, for 2 ~ p ~ n, 
d*APd~ vanishes if and only if ~ is harmonic with integrable horizontal 
distribution. 
Proof Let E , ••• ,E be a local orthonormal frame field about 
1 m 
x€ M, with E
1
, ••• ,En spanning the horizontal distribution and E
n
+l ,··· ,Em 
spanning the vertical distribution. Let X , ••• , X 1 € T M. I p- x '!hen 
d*APd~(X , ••• ,X 1) 
1 p-
- 1: 'VE (d~) (E. )Ad~ (X ) A ••• Ad~ (X 1). i i ~ I p-
From Hermann [40], since ~ is a Riemannian submersion, we have that 
'VX(d~)Y = o for all horizontal X,Y and so if X , ••• ,X 1 are all I p-
horizontal then 
d*APd~(X , ••• ,X 1) = d*d~Ad~(X )A ••• Ad~(X 1)· 
I p- I p-
.-
n .. · 
\ ", f "'" G._-'c:. "'" 
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Thus d*APd~ vanishes on horizontal vectors if and only if ~ is harmonic, 
since d~ is surjective. 
If X is vertical, 
1 
d*APd~ (X , ••• ,X 1) = - L d~(E. )AV'E (d~) (X )Ad~ (X )A ••• Ad~(X 1) 
1 p- iSn ~ i 1 2 p-
which vanishes if and onl.y if 
.L d~(E.)AV'E (d~) (X) o. 
iSn ~. i 1 
An application of Cartan's Lemma shows that this is equivalent to 
h(d~(E')'V'E (d~)(X» = h(d~(E')'V'E (d~)(X» for i,jSn, ~ j 1 J i 1 
or, since ~ is a Riemannian submersion; 
9 (E. , V' EX) = 9 (E. , V' EX) for i, j ~ n. 
~ j 1 J i 1 
This last is clearly equivalent to the integrability of the horizontal 
dis tribution and the lemma is proved. o 
3. Comments and a Counter-example 
(i) Eells and Sampson [27] have shown that a Riemannian submersion 
is harmonic if and only if its fibres are minimal. 
(ii) Goldberg and Ishihara [35] have shown that the harmonic Riemannian 
submersions with integrable horizontal distribution are precisely the 
maps that co~ute with the Laplacian on p-forms, for p ~ 2. 
(iii) Using Hodge Theory and the De Rham Isomorphism Theorem, 
inequalities between the Betti numbers of manifolds admitting d*-commuting 
maps can be derived, see Watson [73]. 
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In [73], Watson asserted that the d*-commuting maps for p-forms, 
for p ~ 2, were only the totally geodesic Riemannian submersions ie. 
Riemannian submersions with totally geodesic fibres and integrable 
horizontal distribution. Some of the main steps of his proof are 
incorrect (see eg. his lemma 3.6) and we now present a counter-example 
to his assertion viz. a.Riemannian submersion with integrable horizontal 
distribution and minimal, but not totally, geodesic fibres. 
Let (M,g) be an arbitrary Riemannian manifold and <p:M -+- R a non-
constant function. Consider the family of flat metrics on the 2-torus ~ 
given by 
h = 
u 
Equip M x ~ with the metric g (x) + h<p (x) at (x,y) € M x ~, then projection 
onto M is a Riemannian submersion with integrable horizontal distribution. 
The following lemma will show that the fibres of this map are minimal but 
not totally geodesic. 
Lemma 3.1 Let <p: (M, g) -+- (N ,h) be a Riemannian submersion. Let g' 
denote the fibre metric and v' the fibre volume element (ie. compose the g 
metric and volume element with the projection onto the vertical 
distribution) • Then, 
(i) the fibres of <p are totally geodesic if and only if L g' vanishes X 
on the vertical distribution for all horizontal vector fields X. 
(ii) the fibres of <p are minimal if and only if LxVg ' vanishes on the 
vertical distribution for all horizontal vector fields x. 
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'Ihus the fibres are totally geodesic if and only if "the fibre 
metric is independent of the fibre" and minimal if and only if "the 
fibre volume element is independent of the fibre". 
Proof (i) Let VI' V2 be vertical and X a horizontal vector field. 
'Ihen 
= -2g(Vv V ,X) = -2g(8(V ,V ),X), 
I 2 I 2 
where 8 is the second fundamental form of the fibres. 
(ii) Let E , ••• ,E be a local orthonormal basis for the 
I m-n 
vertical distribution so that v ' (E , ••• ,E ) = 1 and let X be horizontal. g I m-n 
(LXV ') (E , ••• , E ) = Xv ' (E , ••• , E ) - 1:. v' (E , •• L_-.E i .. E ) g I m-n g I m-n 1.<m-n g I X- m-n 
-1:. < g(LXE. ,E.) 1. m-n 1. 1. 
= -1:. 9 (V' E., E. ) + L . g ( V'E X, E. ) 
1. X 1. 1. 1. • 1. 
1. 
-1:.g(VE E. ,X) = - g(Tr8,X). 1. i 1. 
o 
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CHAPTER 4 
UNIQUE CONTINUATION PROPERTIES OF HARMONIC AND HOLOMORPHIC MAPS 
A solution of a second order elliptic partial differential 
equation cannot have a zero of infinite order without vanishing 
identically. This is called the (strong) unique continuation pro-
perty. The weak unique continuation property is possessed by solu-
tions that cannot vanish on an open set without vanishing identically. 
In this chapter, we examine some unique continuation type pro-
perties of harmonic and holomorphic maps and harmonic vector bundle 
valued forms. 
A. The Aronszajn-Cordes Theor~m and Related Results 
1. Introduction 
The main source of unique continuation properties in elliptic 
analysis are the theorems of Aronszajn [3 ], Cordes [17] and 
Aronszajn-Kryzwicki-Szarski [ 4 ]: 
Theorem 1.1 [ 3] [17] Let ul ••• urn be c2 functions on a connected 
n 
open subset D of ~ and L a second order elliptic linear differential 
operator whose principal part has c2 coefficients on D. Suppose there 
exists a positive constant M such that for each a.: 1 So. S m 
all x € D • 
Then, if all uo. vanish on a non-empty open set, each uo. vanishes 
identically on D. 
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Theorem 1.2 [ 4J Let M be a connected Riemannian manifold with 
CO,l metrl.'C and let wI ••• wm be d'ff t' 1 f 'th ff" t l. eren l.a p- orms Wl. coe l.Cl.en s 
, 2 
l.n Ll 1 
, oc 
Suppose that for every compact K in M, there is a positive 
constant MK such that for each a.: 1 ~ a. S m 
Idwa.(x) 12 + Id*wa.(x) 12 ~ MK LlwB(x) 12 
B 
a.e. x € K • 
Then, if all wa vanish almost everywhere on a non-empty open subset of 
M, each wa. vanishes almost everywhere on M. 
Remark In fact, in both of the above theorems, we need only require 
that each ua (wa ) has a zero of infinite order in I-mean at some point 
x
o
: 
(1) 
a. For theorem 1.2, this means that the coefficients of w satisfy (1) in 
one (and hence every) co-ordinate patch about xO• 
2. Applications 
We first extend theorem 1.2 to the case of differential forms with 
values in a Riemann connected vector bundle. 
00 
Henceforth all ingredients will be assumed smooth (C ) unless other-
wise stated. 
Theorem 2.1 Let M be a connected n-dimensional Riemannian manifold and 
1T: E -+ M a P.le~~t\Connected vector bundle with connection ". Let 
wI, ••• , w
m 
be E-valued p-forms on M with coefficients in L12 1 • Suppose 
, oc 
that for each compact K in M there exists a positive constant MK such that 
for each a: 1 S ~ ~ m 
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1 a 2 1 * a 12 1 S 12 dw (x) 1 + d w (x) ~ MK L w (x) a.e. 
S 
X E K • (2) 
Then, if all wa 'vanish almost everywhere on some non-empty open set, 
each wa vanishes almost everywhere on M. 
Proof Let n denote the largest open set on which all wa vanish 
a.e. and let Xo E bn. Let e l ••• e r be a local orthonormal basis for 
E over a neighbourhood U of Xo and let K be a compact in U. 
Let a a U where a is a real valued p-form. w = Wo ~ eo on each Wo 
~ ~ ~ 
Then eMa a (-1) p+l w~ A 'le 0 dw 0· eo + and writing i ~ ~ ~ 
d* (-1) np+n+l *d* , where * is the Hodge * operator we have 
= d*wa ~ e + (_l)np+n+p *(* w~ A 'leo) • 
i i ~ ~ 
Almost everywhere on K we have 
Idwa l2 + Id*w 12 ~ M Llw Q I2 whence 
a K S ~ 
Id a.;e +(_l)p+l a " 12 Id* a ® (_l)np+n+p *(* w 0 • e 0 w 0 A ve 0 + W.· e 0 + ~ ~ ~ ~ ~ ~ 
Using the Cauchy-Schwartz inequality we have 
and the last two terms on the right are now estimated in terms of 
and derivatives of the {e 0 }, bounded on K, since foru a l-fonn and v a p-form 
~ 
we have 
Thus we have, for each a,i 
(see [4]). 
rt 
and applying theorem 2.1 to wi 
on U shows that Xo E n and the theorem follows from the connectedness of M. 
'\ 
o 
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Corollary 2.2 Let M, E be as above and let w 1 ... wm be E-valued p-forms 
on M satisfying inequality (2). Let SCM be a hypersurface. If each w 
a. 
vanishes on S, then each wa vanishes identically. 
Proof In some co-ordinate neighbourhood(lJfl ••• x
n
) assume that S is 
given by {x: x = o} • 
n 
w 
a. 
on x SO 
n 
- 2 Then each wa. is Ll w = 0 on x ~ o. 
a. n 
on U and satisfies inequality (2) so that by theorem 2.1 each; - o. 
a. 
Thus each w vanishes for x S 0 and a further application of theorem 2.1 
a. n 
shows that each w vanishes identically. 
a. o 
We now consider some examples to which the above theory may be applied. 
a) Harrronic maps Let ¢: M~N be a map of Riemannian manifolds. Then 
-1 * d¢ is a ¢ TN-valued }-formand dd¢ = O. Further d d¢ = 0 if and only if 
¢ is harmonic so we have: 
proJX)sition 2.3 Let ¢: M ~ N be a harmonic map where M is connected. 
i) If ¢ is constant on a non-empty open set, ¢ is constant on M. 
ii) If ¢ is constant on sone hypersurface SCM and has vanishing normal 
derivative to S, then ¢ is constant on M. 
Remark Part (i) of the proposition is due to Sampson [62]. 
b) f-holomorphic maps An f-structure on a Riemannian manifold M is 
00 
a skew-symmetric section F of C (End(TM» of constant rank, such that 
F3 = -F. 
The best known examples are almost complex structures of almost Hermitian 
manifolds and by analogy with that case we say that a map ¢: M ~ N of 
manifolds with f-structures FM, FN is f-holomorphic if 
\ 
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M d¢cF 
Proposition 2.4 Let M be a connected Hermitian manifold with almost 
complex structure J and N a manifold with f-structure F. Let ¢: M-+-N 
be f-holomorphic. Then 
i) if ¢ is constant on a non-empty open set ,¢ is constant on M. 
ii) if ¢ is constant on some hypersurface SCM and has vanishing normal 
derivative to S, then ¢ is constant on M. 
The theorem is also true for f-holomorphic maps from a manifold with 
f-structure into an almost Hermitian manifold. 
Proof It suffices to establish inequality (2) for d¢. 
Now 
Since d¢~ = Fed¢ we have d¢ = -F~d¢~J. Thus 
d*d¢ = - Trace Vd¢ = Trace V(Fwd¢~J) • 
Let El , ••• ,Em, JE1, ••• ,JEm be a local orthonormal basis for TM, then 
2 Trace FVd¢J = FVd¢(E. ,JE.) + FVd¢(JE.,J E.) = 0 
~ ~ ~ ~ 
since Vd¢ is symmetric and J2 = -Id. 
Thus 
where the ..constant depends on F, J and their derivatives. A·· similar 
argument is used for f-holomorphic maps into almost Hermitian manifolds. 
o 
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Remark Using Theorem 1.1 and the fact that harmonic and f-holomorphic 
maps satisfy second order quasi-linear elliptic p.d.e.'s we may strengthen 
Propositions 2.3 and 2.4 as follows: 
Under the hypotheses of Propsition 2.3 (2.4), if ¢l' ¢2 are harmonic 
C¥""-If-holomorphic} and agree either on a non-emptYAset or agree up to I-jets 
on some hypersurface then ¢l = ¢2 on M. 
c. Yang-Mills fields (see Atiyah [5 ]) 
Let G be a compact Lie group with Lie algebra g and P ~ M a principal 
G-bundle over a Riemannian manifold M. A connection a on P has a curva-
ture Fa which can be thought of as a 2-form on M with values on adP, the 
vector bundle associated with P by the adjoint representation on q. Now 
if we equip adP with a G-invariant metric, a ind~c.tt.s a connection tf- on 
adP so that adP is Riemann-connected. 
A Yang-Mills connection a is one whose curvature satisfies 
i} dFa = 0 
a 
when adP has connection V • 
We note that (i) is just the Bianchi identity satisfied by any curvature. 
2-form. The curvature of a Yang-Mills connection is called a Yang-Mills 
field. 
We say that a is flat at x E M if Fa (x) = O. If dim M = 4, then the 
Hodge star operator * sends 2-forms to 2-forms and *2 = Id. We say that 
a is self-dual if Fa = *Fa and anti-self-dual if Fa _*Fa • It is clear 
that (anti}self-dual connections are Yang-Mills. 
We have 
ProJX)sition 2.5 P -+ M be a principal G-bundle over a connected Riemannian 
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manifold M and let a be a Yang-Mills connection. If a is flat on a non-
empty open set or along a hypersurface then a. is flat on M. If dim M = 4 
and a. is (anti)self-dual on a non-empty set or along a hypersurface then 
a. is (anti)self-dual on M. 
Proof We remark that d* 
Lastly, we generalise a result of Siu [69J concerning holomorphic 
maps of Kahler manifolds. 
Defini tions An (almost) Hermitian manifold is said to be (almost) 00-
symplectic if the Kahler form of the manifold is co-closed. 
Let N be a Riemannian manifold with f-structure F. Then the complexified 
tangent space of N splits into eigenspaces of F with eigenvalues +i, -i, 0 
denoted ~+N, T-N, ~N respectively. 
(N,F) is said to satisfy condition 'A' [59J if 
Remark If N is almost Hermitian (i.e. if F2 = -Id) then condition 'A' 
reduces to the familar condition that dwN(I,2)= 0 where wN is the Kahler 
form of N. 
Theorem 2.6 Let (M,g,J) be a connected co-symplectic hermitian manifold 
and (N,h,F) a:.Riemannian manifold with f-structure satisfying condition 'A' 
... 
Let 4>: M -+ N be a harmonic map and suppose that 4> is f-holomorphic on some 
non-empty open set. Then 4> is f-holomorphic on M. 
Remark In the case, where M,N are Kahler manifolds this result is 
due to Siu [69.J. 
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Proof Let n be the largest open set on which ~ is f-holomorphic and 
let Xo € bn. Let (Uyz l ••• zm) be holomorphic co-ordinates about Xo and 
e e e e e ••• ,e be a local basis for TN¢ about tf..(x ) l' ••• , r' 1'· .. , r' r+ 1 ' n 'I' 0 
with {ea}rl spanning T+N, {e- = e}r , spanning TN and {e = e}n 1 a a 1 a a r+ 
. TO spann1.ng N. 
Since ~ is harmonic, in local co-ordinates we have 
= 9 
. "I2tf..a 1.j 0 'I' 
dZ. dZ. 1. ] 
Differentiating both sides by 
Now 
ij 
9 
dZ. dZ. 1. ] 
condition 'A I implies rY- = 0 
aB 
2 
n • 
we have 
~~) = o. 
1 s a,B S r, 1 S Y S n, so that 
2 
d2 V~; 2\ ij ~a S M r \ ~~ where M depends 9 + 
dZ.dZ. k B,j j 1. ] 
ij a 
on the derivatives of ~, 9 and r
BC 
• i · tf..a a i a Now wr t1.ng '1'_ as '\ + vk 
. k 
and 
using the fact that L = gij 
IL{12 S M r llu~ 12 + 
B' ] ,] 
ILV~1240 S M r Ilu~12 + 
B' ] , ] 
dZ .d'Z. 1. ] 
Iv~12 + 
] 
Iv~12 + 
] 
theorem 1.1 to the system lu~,v~~ ] ] B,j 
is a real operator we have 
IVu~12 + Ivv~12~ ] ] 
1 Vu~ 12 + 1 Vv~ 12 ~ ] ] so we may apply 
and the theorem follows. 
o 
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B. Unique continuation on surfaces via ho1omorphicity 
The study of harmonic maps of two-dimensional domains has many 
interesting features, one of which is the intimate relationship with 
holomorphic function theory provided by holomorphic differentials 
associated with harmonic maps (see [22J). In this section, we use this 
extra structure to prove unique continuation theorems for harmonic maps 
from surfaces without recourse to theorems Al.l and Al.2. 
1. Ho1omorphic vector bundles on Riemann surfaces and their applications 
We recall a theorem of KOz5ul-Malgrange [46J, 
Theorem 1.1 Let M be a Riemann surface and 1T: E -+ M a complex vector 
bundle with connection V. Then E admits a unique holomorphic structure 
such that a local section s of E is holomorphic iff V d s = o. 
dZ 
Theorem 1.2 Let M be a connected Riemann surface and N a Riemannian 
manifold. Let <p: M -+N be a non-constant harmonic map. Then d<P has only 
discrete zeroes. 
Proof Let z = x + iy be an isothermal co-ordinate on M. Endow the 
-1 C pull-back of the complexified tangent bundle of N, 4> TN -+ M with the 
holomorphic structure of theorem 1.1 associated with the pull-back of 
the Levi-Civita connection on N,V<P. Then 
d 
<P is .l1armonic if and only if V d <P* az = 0 
dZ 
so that tf.,*.1.- = L {tf., . .1.... - i m 1-\ is a local holomorphic section of ~ dZ' ~~·ax ~a~ 
-1 C 
<P TN and the theorem follows. 0 
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Theorem 1.3 Let M be a connected Riemann surface and N a Kahler 
manifold. Let <t>: M -+N be a harmonic non ± holomorphic map. Then <t> 
only is ± holomorphic on a discrete set of points. 
Proof Decompose the complexified tangent bundle of TN into the eigen-
. (1 0) (0 1) 
spaces of the complex structure T ' N, T ' N. Since N is Kahler, the 
Levi-Civita connection V of N preserves these eigenspaces and thus 
If..- l (1,0) If..- l (0,1) h 1 h' , d 'h .p 
'fI T N, 'fI T N have 0 omorp ~c structures assoc~ate w~t V·, 
as above. 
Let d¢ 
where d <t> : TM C -+ <t> -IT ( 1 , 0 ) N 
d<t>: TMC -+- <t> -IT (0, 1) N are defined by composition with the 
appropriate projections. 
Then <p is harmonic iff \I<Po o<plooz) = 0 iff \I<Po 3<P(:z) 
dZ \ dZ 
o for 
z = x + iy an isothermal co-ordinate on M. Thus 
° <p Uz) · a <p (ooz) 
are local holomorphic sections of <t>-lT(l,O)N and <t>-lT(O,l)N respectively. 
The theorem follows by observing that <p is holomorphic iff a<p(ooz) = 0 
and anti-holomorphic iff O<P(:i)= o. 0 
2. Ho1omorphic differentials 
... 
Let M be a Riemann surface and (N,h) a Riemannian manifold. Let 
If.. d 'd If..*h(2,0) th d' f ' 
'fI: M-+N be a smooth map an cons~ er 'fI ,e qua rat~c orm g~ven 
in local holomorphic co-ordinates by 
If.. *h ( 2 , 0) d If.. d » d 2 
'fI =. h (d¢ (az), d'fl (a; Z • 
. '\ We have the well-known 
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Proposition 2.1 i) CP*h(2,O) = ° iff cp is weakly conformal. 
1., 1.' ) 'f If.. , h 'If.. *h (2 , 0), h 1 h ' 1. 'I' 1.S annon1.C, 'I' 1.S a 0 omorp 1.C 
quadratic differential. 
From proposition 2.1 we have immediately 
Proposition 2.2 Let'M be a connected Riemann surface and N a Riemannian 
manifold. Let cp: M -+ N be a hannonic non-conformal map, then cp is only 
conformal on a discrete set of points. 
A useful generalisation of conformality is isotropy which has played 
an important part in the classification theorems of Calabi [13] and 
Eells-Wood [29], (see also Chapter 7) • 
Definitions i) Let M be a Riemann surface and (N,h) a Riemannian manifold. 
A map cp: M -+ N is real isotropic if 
all a,B ~ 0. Here (.,.) is the complex 
bilinear extension of h and Va a V a 0 ••• 0 V a a times with V the pull-
a; ~ az 
back connection on cp-1TN. 
ii) [29 ] Now suppose that N is a Kahler manifold. A map 
cp: M -+N is complex isotropic if 
<VXa dCP (:jdz ) VB 
a 
all a,B is the dCP (:fz) > 
° 
~ 0. Here <.,.> d 
az dZ 
If..- l (1,0) n ' Hermitian inner product on 'I' T N and v the pull-back connect1.on on 
cp-1T(1,0)N. 
We now introduce some related forms on M: 
(2k+2,0) 
i) real case:, Let d; = (ifdCP,y-kdcfj'). E Coo(~ 2k+2T (1,0)M) where 
(.,.) is as above apd V is the induced covariant derivative on some 
Q iT*M Q CP-1TN. 
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ii) complex case: if N is Kahler let .~ 
where d~ a~, (.,.) are as above and each V is the covariant differential on 
some 6j)iT*M ~ ~-lT(l,O)N. 
o~ -- ~ ~*h(2,0) 01 , th 'd'ff ' 1 'd d Remark ~ y~ = ~ , '¢ ~s e quart~c ~ erent~a cons~ ere 
by Bryant [llJ and P~ is the (3,0) differential considered by Chern-Wolfson 
[16J. 
Proposition 2.3 i) ~ is real isotropic iff each ~ vanishes identically. 
ii) ~ is complex isotropic iff each ~ vanishes identically. 
Proof i) An easy induction shows that 
k d d Vk d d~ 1- + Vi d V d~ (~ , ••• , ail = L f, d~ dZ - dZ ~ d dZ i$k-l 
dZ 
for some functions f, • Thus if ~ is real isotropic then all ~ 
vanish and so each ~ vanishes identically. 
Conversely if each ~ vanishes we will show that 
First, n 
0,0 
° by induction on cx. + B. 
0. Suppose n Q = 0, a. + B < 2k, then 
cx.,1J 
.-.k d d k d d (V-d~(";), ••• , ,,) I V d~(-,..-, ••• , ,,» 
oZ oZ dZ oZ 
dZ 
and so ~,k = 0. 
dZ 
Now it is easy to see that n Q = ° for all a. + B 
cx.,1J 
and the induction is complete. 
A similar argument establishes (ii). 
2k 
o 
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Having generalised Proposition 2.1 (i) let us examine the holo-
morphi ci ty of the ~, ~ • 
Theorem 2.4 4 i) Let N have constant sectional curvatures. If ¢: M-+N 
is harmonic and ~ = •.. = ~-l = 0 then ~ is a holomorphic differential. 
ii) Let -N be a Kahler manifold of constant holomorphic 
sectional curvature. If ¢: M -+ N is harmonic and 
then Pcp is a holomorphic differential. 
P¢ = Ii = ••• = ~-l = 0 
Proof A straightforward induction, shows that, without hypotheses on the 
curvature of N, for k ~ 1, if Q¢ = __ O~-l 
-cp = 0 then 
(3) 
Now k d d....k d d ('V d¢ (~ , ••• , ~) , Y-d¢ (";) , • • • , "r\» 
vZ oZ oZ oZ 
....k d d k d d 
2 ('V d 'V -dCP (d Z ' • •• , d Z ), 'V elf> (d Z ' • • ., d Z ) ) 
dz 
We claim that 
....k d d k-l 
'V d Y- d<f> (dZ ' • •• , dZ) = L i d d fi'V dCP ~, ••• , az) for some functions f i • 
o 
d k d d 
This, together with (3), shows that dz" ~ (dZ , ••• , dZ) = 0 and establishes 
the theorem. 
To prove the claim we induct on k: the case k = 0 follows from the 
p d d P-l . d d 
harmonici ty'" of <p. Now suppose that 'V ~'V dCP( dZ ' • • • , a; ) = ~ fi ~ d1> (a'Z' ••• ' dZ) 
d-Z 
for P < k. Then 
54. 
....k-l d d 
'V d (k -1) f V - d <t> Cd Z ' • •• , d Z 
dZ 
where f d d = <'V ~ -, - >, 
a dZ dZ 
az-
....k-l d d 
- 'V d (k-l) f V- d<p (dZ , ••• , ~) 
dZ-
= 
by the induction hypothesis. 
Since N has constant sectional curvatures, 
the second summand of which vanishes by (3). Thus the induction is completed 
and so is part (i) of the theorem. 
ii) The proof of (ii) is similar but slightly simpler. 
and since <t> is harmonic 
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~ -k-l Now it suffices to show that if ,., <I> = ••• = v~ then 
....k a a k-l i a a 
'V a v-a <I> (a; , ... , az } = 1: gi'V a<l>(az,···, az} to show which we 
az- o 
proceed as above, noting that if N has constant holomorphic sectional 
curvatures 
* (a a) k-l (a a ) 
<I> R az-' az 'V a<l> az'···' az 
where k (<I» 
Corollary 2. f·· 
<a <I> a~ 
az az 
Let M be a connected Riemann surface and N a real 
o 
(complex) space form and let <1>: M"* N be harmonic. If <I> is real (complex) 
isotropic on a non-empty open set then <I> is real (complex) isotropic on M. 
proof Combine propositions 2.3, ~.4 and theorem 2.~ o 
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CHAPTER 5 
f-STRUCTURES AND HARMONIC MAPS 
Manifolds with f-structures (introduced by Yano [77]) and 
f-holomorphic maps between them are a natural generalisation of almost 
Hermitian manifolds and"holomorphic maps. In this chapter, which 
serves as an introduction to Chapters 6 and 7 in which f-holomorphic 
maps playa leading role, we consider conditions on the f-structure 
that guarantee the harmonicity of f-holomorphic maps. There are two 
such conditions (one due to Rawnsley [59]), which are, in some sense 
complementary, although both are natural generalisations of the Kahler 
condition for Hermitian manifolds. 
1. f-structures and f-holomorphic maps 
Let (N,h) be a Riemannian manifold. 
Definitions An f-structure on N is a smooth, constant rank skew-
symmetric section of End(TN), denoted F such that 
F3 + F _ o. 
F has eigenvalues +i,-i and zero and thus the complexified tangent space 
of N splits as an orthogonal direct sum of eigenspaces: 
+ -where TN = TN • 
'!he complex dimension of TN + is the rank of F. 
F is Cauchy-Riemann (C.R.) integrable if TN+ is closed under Lie bracket. 
F is Levi-flat if ImF is closed under Lie bracket (that is integrable 
in the sense of Frobenius). 
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The fundamental 2-form of F, denoted w, is given by 
w(X,y) = h(X,FY) for X,Y ETN. 
An f-Kahler f-structure is one with closed fundamental 2-form. 
Lastly, let V denote the Levi-Civita connection on N. Then F satisfies 
condition A if 
Remarks 
(i) Let dim N=n and F be a rank K f-structure on N. 
If 2K=n, F is an almost Hermitian structure. 
If 2K+l=n, F is a cauchy-Riemann (C.R.) structure or 
equivalently an almost contact metric structure (c.f. Blair 
[9]) • 
(ii) If F is an almost Hermitian structure, F is clearly Levi-flat 
and is C.R. integrable if and only if it is an integrable 
complex structure. Lastly, if w is the Kahler form of F, 
condition A (which is due to Rawnsley [59]) reduces to the 
familiar condition that the (1,2) part of dw vanish, i.e. 
that F be (1,2) symplectic in the sense of Eells-Salamon [26]. 
(iii) If F is a rank K f-structure with 2K < dimN, C.R. integrability 
is a substantially weaker condition than the vanishing of the 
Nijenhuis tensor of F. . 
Examples 
(i) Let N be a real hypersurface of an almost Hermitian manifold 
(N,h,J) equipped with the' induced metric. 
dimension one sub-bundle H of TN by 
\ 
H=TNnJTN. 
We define a co-
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Letting n denote orthogonal projection onto H we can define 
a C.R. structure F on TN by 
F= Jo n • 
Then it is easy to see that if N is integrable, then F is 
C. R. integrable and since the fundamental 2-form of F is just 
the restriction of the K~ler form of N to N, we see that if 
N is almost K~ler, N is f-K~ler. In particular, real 
hypersurfaces of ~ acquire integrable f-K~ler C.R. structures 
in this way. 
(ii) As noted above, almost contact manifolds are examples of 
manifolds with f-structures. In particular, the quasi-Sasaki 
manifolds studied by Blair and Goldberg carry integrable f-Kahler 
C.R. structures. (See [8] and [10].) 
(iii) The constructions of Chapter 6 will provide manifolds with 
f-structures, sometimes satisfying condition A, which arise as 
bundles of f-structures over Riemannian manifolds. 
Definition Let (M,g) and (N,h) be Riemannian manifolds with f-structures 
FM,FN respectively and let <I> :M .... N be a smooth map. <I> is f-holomorphic 
if 
or, equivalently, if 
.. + + 0 0 
... <1> * 'I'M C TN , <p * Tf1 C TN , <p * 'IM - C TN-
Remark 
M .~ For F ,Fl C.R. structures, this notion is stronger than 
that of a C.R. map used by several authors (see eg. [15]), the definition 
of which requires no conditions on the image of TMo • 
Now let {N,h~ be orien~able and let F be a C.R. structure on N. 
Let ~ denote a fixed section of TNo of unit length. Then we may measure 
the non-integrability of ImF as follows: 
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Definition Let n denote the covariant representative of ~ and 
define the Levi-form of F by 
LF (X, Y) = dn (X,FY) for X, Y € ImF. 
N is pseudo-convex if LF is definite on ImF. 
It is clear that F is Levi-flat if and only if LF vanishes identically.~ 
F Further, if F is integrable then it is easy to see that L is symmetric 
and invariant under F. In this case, our definition coincides with that 
of Chern-Moser [15]. 
Example 2n-l n . Consider sea: w~ th the C. R. structure, F, induced 
from af. If we put 
~ = in 
2n-l F 
where n is the outward unit vector field on S we find that L 
2n-l 2n-l 
coincides with the ~tric on S and thus S is pseudo-convex. 
The behaviour of the Levi-form determines to some extent the rank 
of f-holomorphic maps into C.R. manifolds. For example, we have 
Proposition 1.1 Let (M,g) , (N,h) be Riemannian manifolds and suppose M 
has a Levi-flat f-structure and N a pseudo-convex C.R. structure. Then 
if <p : M-+N is f-holomorphic, d<p vanishes on ImFM. In particular, if M 
is almost Hermitian, all f-holomorphic maps <p : M-+N are constant. 
Proof Let n € cC» (T*N) be as above then since n vanishes on ImFN 
M 
and <p is f-holomorphic we have that <P*n vanishes on ImF • 
,LN the Levi-form on N, we have, for X,Y€ ImFM 
Denoting by 
q,*L(X,Y) 
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dn (q,* (X) ,~q,* (y» 
M dn(q,*(X),q,*(F Y» 
* M 
= q, dn(X,F Y) 
. * M 
= dq, n(X,F y) = 0, 
since ImFM is closed under Lie bracket. M '!hus q,*ImF is contained in 
. N 
the isotropy subspace of L and therefore vanishes. o 
Example There are no non-constant f-holomorphic maps from a Riemann 
2n-l 
surface into S • 
2. Condition A and f-ho1omorphic harmonic maps 
Rawnsley has proved the following theorem: 
Theorem 2.1 [59] Let (M,g) be an almost Hermitian manifold with 
co-closed K~ler form and (N,h) a Riemannian manifold with f-structure 
satisfying condition A. Then any f-holomorphic map from M~N is 
harmonic. 
However, condition A is quite restrictive as the following 
proposition shows: 
Proposition 2.2 
is Levi-flat. 
Proof 
00 + let X, Y € C (TN ). 
An integrable f-structure satisfying condition A 
Let F be such an f-structure on a manifold (N,h) and 
Since F is integrable we have 
00 + [X,Y]€C (TN) 
and by condition A we have 
_ 00 + -
. [X, Y] 'iJ Y - 'iJ- X € C (TN + TN ) X Y 
'\ 
00 + - 0 so that C (TN + TN ) is closed under Lie bracket whence ImF is also. 
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Corollary 2.3 Let dim N=3, then any f-structure on N satisfying 
condition A is Levi-flat. 
Proof 
di + mTN 
Any f-structure is necessarily integrable since 
is one. o 
Corollary 2.4 The natural integrable f-Kahler C.R. structure on 
2n-l S does not satisfy condition A. 
Proof 2n-l Immediate from the pseudo-convexity of S • o 
Thus we now turn to f-holomorphic maps into f-Kahler manifolds. 
3. f-Kahler manifolds· and a homotopy invariant 
Let (N,h) be a Riemannian manifold with f-structure F and (M,g,J) 
be an almost Hermitian manifold, and let 4> : M-+ N be a smooth map. 
Corresponding to the decomposition of TN~ into the eigenspaces of F, we 
may decompose 4>* into components 
+ «: + 
4>* : TM -+ TN 
- ~ 
4>* : TM -+ TN 
4> ~ : '!Ma; -+ TNo 
by composing 4>~ with the appropriate projections. 
Now let E , ••• ,E , JE , ••• ,JE be an orthonormal frame field for 
1 n 1 n 
M and let 
Z. = E. - i JE .• 
~ ~ ~ 
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Then the energy density of ~,e(~), is given by 
* e (~) !Trace ~ h 
= !h(~*(Zi),~*(Zi» 
o 0- + -- - +-
=!h (~ (Z,),~*(Z,» +!h(~*(Z,),~*(z,» +!h(~*(Z,),~*(Z,». 
* ~ ~ ~ ~ ~ ~ 
0+-The three summands of this last equation are denoted by e (~),e (~),e (~) 
t ' 1 d' Z Z (l,O)M 't' 1 th t ~ , respec ~ve y an s~nce , ••• , span T ,~~s c ear a.~ ~s 
1 n 
f-holomorphic if and only if eO(~) and e-(~) vanish identically and ~ 
is anti-f-holomorphic if and only if eO(~) and et(~) vanish identically • 
. (~ is anti-f-holomorphic if and only if ~ is f-holomorphic with respect 
to the conjugate complex structure on M.) 
Lemma 3.1 Let wM ,wN denote the fundamental two forms of M and N 
respectively. Then 
M * N + -
< w ,~ w > = e (~) - e (~). 
Proof With E , ••• ,E , JE , ••• ,JE a frame field for M as 
1 n 1 n 
above we have 
M * N * N < w ,~ w > = -~ w (E, ,JE,) 
~ ~ 
+ -
= e (~) -e (~). o 
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Now put 
f e (~) * 1 , EO (~ ) = f e O (~) * 1 
M M 
and 
K(~) + -= E (~) - E (~). 
Following Lichnerowicz [50], we have 
Theorem 3.2 Let (M,g) be almost Hermitian with co-closed fundamental 
2-form and let (N,h) be f-Kahler. Then K(~) only depends on the homotopy 
class of ~. 
Proof By Lemma 3.1, we have 
K(~) = f<wM,~*wN> * 1. 
M 
Now, let ~t be a smooth variation of~. Then 
N 
and since w is closed we have, by the homotopy lemma of Lichnerowicz 
[50] that 
and so 
f * M * . (a~) N <d w '~t 1. at w > * 1 
M 
o 
M 
since w is co-closed. Thus K(~t) is constant and the theorem follows. 
o 
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Corollary 3.3 Let (M,g) be almost Hermitian with co-closed Kahler 
form and (N,h) be f-Kahler. If <I> : M ~ N is a smooth map then we have 
(i) If <I> is f-holomorphic or anti-f-holomorphic, <I> is harmonic 
and minimises energy in its homotopy class. 
(ii) If <I> minimises energy in its homotopy class and is homotopic 
to an (anti)f-holomorphic map then <I> is (anti)f-holomorphic. 
(iii) Let <I> be (anti) f-holomorphic and <l>t a smooth variation of <I> 
through harmonic maps, then each <l>t is (anti)f-holomorphic. 
(iv) Let <1>1 be f-holomorphic and <1>2 be (anti)f-holomorphic, then 
if <1>1 and <1>2 are homotopic, they are both constant. 
(v) Let K vanish on some homotopy class H. '!ben any (anti) 
f-holomorphic map in H is constant. In particular, any 
homotopically trivial (anti)f-holomorphic map is constant. 
Proof 
+ 0 - 0 
'Ihus E, 2E + E , 2E + E differ by constants on each homotopy class 
and so have the same minima and the same critical points in each homotopy 
class. 
... + - 0 Now since E ,E,E are all non-negative and <I> is f-holomorphic if 
and only if 2E- + EO vanishes, we have that such a <I> is an absolute 
'minimum for 2E- + EO and thus for E in its homotopy class. 'Ihus (i) is 
proved. 
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For (ii), if cf> minimises E and is homotopic to an f-holomorphic 
- 0 
map then 2E + E has minimum value zero which cf> must attain whence cf> 
is f-holomorphic. 
For any smooth. variation cf>t where each cf>t is harmonic, E(cf>t) is 
constant and thus so are 2E+(cf>t) + EO (cf>t) and2E-(cf>t)+Eo (cf>t)' so if cf>o is 
(anti)f-holomorphic each cf>t is (anti)f-holomorphic also and (iii) follows. 
For (v), if cf> is (anti)f-holomorphic, then 
E (cf» = ±K (cf» 
and so if K(cf» vanishes, cf> is constant. 
Lastly if cf>1,cf>2 are homotopic with cf>1 f-holomorphic and cf>2 (anti) 
f-holomorphic, then 
+ -E (cf> ) = K(cf> ) = K(cf> ) = -E (ep ), I 2 2 2 . 
whence K(ep ) vanishes and (iv) follows from (v). 
I 
* N Now if ep W is exact, we have 
K(ep) = J <wM 'cf> * wN> * 1 = 
M 
In particular we have 
J <wM,da> * 1 = 
M 
J * M <d w ,a> * 1 = o. 
M 
o 
Corollary 3.4 Let (M,g) be almost Hermitian with co-closed K~ler form 
and (N,h) an f-Kahler manifold with H2 (N,lR) =0. '!ben any (anti) 
f-holomorph~c map ep : M -+N is constant. 
2n-l 
'Ihus taking N = S , we have a second proof of proposition 1.1 
in this case, which is valid even if we deform s2n-l into an ellipsoid. 
Remark In view of the above resuits, it is reasonable to ask whether 
any f-holomorphic maps from Hermitian manifolds into f-Kahler manifolds 
'\ 
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exist. Using the methods of Chapters 6 and 7, it is possible to show 
that the Grassman bundle of 2-planes over Sn admits an integrable f-Kahler 
f-structure and the Gauss maps of totally umbilic conformal immersions 
of surfaces into Sn provide examples of f-holomorphic maps. 
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CHAPTER 6 
TWISTOR BUNDLES AND GENERALISED GAUSS MAPS 
'!he classical connection between the theory of minimal surfaces 
n in JR and complex function theory is well-known. In recent years, 
this approach has led to Calabi's classific.ation of isotropic minimal 
immersions into spheres [13] and the generalisation of Calabi's techniques 
to the classification of isotropic harmonic maps into complex projective 
spaces and complex Grassmanians by Eells-Wood [29] and ErdemrWood [31] 
respectively. 
Similarly, self-dual Yang-Mills fields on S4 can be classified by 
certain holomorphic vector bundles on a;p3 [6 ]. 
All these constructions may be interpreted as an association of 
differential-geometric data on a manifold N (eg. harmonic maps into N) 
with holomorphic data (eg. holomorphic maps) on a bundle of complex 
structures over N, a twistor bundle. 
More recently EellS-Salamon [25] and J.H. Rawnsley [59] have 
greatly extended the possibilities of this theory by considering non-
integrable complex structures on twistor bundles and constructing twistor 
bundles of f-structures. In this and the next chapter we will apply 
these techniques to classify certain conformal harmonic maps and to 
construct such,maps. '!hroughout we will adopt the approach of Rawnsley 
[59] • '!h~ proofs of most assertions concerning the construction and 
properties of the twistor bundles under consideration will be given in 
the Appendix to this chapter. 
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1. The bundle of f-structures 
Let V be an n-dimensional euclidean space. Let 0 (V) be the 
orthogonal group of V with Lie algebra o(V) of skew-symmetric linear 
transformations. 
Let Fk (V) denote 
{F e: 0 (V) : F3 + F = 0 and rank F = 2k}, 
the space of rank k f-structures. Observe that if 2k = n Fk (V) is the 
space of Hermitian almost complex structures on V and if 2k + 1 = n, Fk (V) 
is the space of C.R. structures compatible with the inner product on V 
(almost contact metric structures on V) • 
«: has eigenvalues +i,-i,O and V splits as an orthogonal 
direct sum of eigenspaces: 
with 
(ii) dim~ V; = k. 
+ + It follows immediately from the orthogonality and (i) that (VF, VF) = 0 
where ( ) is the complex bilinear extension of the inner product on 
+ V, that is VF is isotropic. 
In fact, the correspondence F ~ V; is a bijection between Fk(V) 
«: 
and the space of k-dimensional isotropic subspaces of V • 
O(V) .acts transitively on Fk(V) by conjugation. Fixing Foe: Fk (V) 
and denoting by HF the stabiliser of Fo in O(V) we see that Fk(V) is a 
o 
homogeneous space O(V) 
HF 
o 
Note that HF 
o 
£:' U (k) x 0 (n-2k) • In fact, 
since Fk (V) is an adjoint orbit of .. a compact Lie group in its Lie 
algebra, Fk(V)' is a reductive homogeneous space with an O(V) invariant 
\ 
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complex structure and invariant Kahler xootric (see Appendix). 
Remark If 2k<n, SO(V) is transitive on Fk(N) and we can identify 
SO(n) 
Fk (V) with SO (n-2k) x U (k) • 
SO(2n) However is the space of hermitian U(n) 
almost complex structures with fixed natural orientation. 
Now let (N,h) be a Riemannian manifold with orthonormal frame 
b\ll1dle O(N,h). Let 1T : Fk (N,h) ~N be the bundle whose fibre at x € N 
is Fk (TxN) : the b\ll1dle of rank k f-structures on N. 
'!hen Fk(N,h) =O(N) x O(n) HF 
n for some fixed F 0 € Fk (lR.) • 
Remark 
o 
Since SO(n) is transitive on F (lRn ) it is easy to see that 
1 . 
F (N,h) is isomorphic to the Grassmann bundle G (TN) of oriented real 
1 2 
2-planes in TN. The f-structure corresponding to a given plane is 
defined by projection onto the plane followed by a rotation of ; in a 
positive sense. 
N The Levi-Civita connection on N,V , induces an O(n) invariant 
horizontal distribution on O(N) and thus a horizontal distribution on 
all associated bundles. In particular, we have a splitting of 
TFk(N,h) into a direct sum of sub-bundles: 
TFk (N,h) = V + H 
where V is the tangent distribution to the fibres. 
Let E~.Fk (N,h) denote the pullback of the tangent bundle of N 
. by 1T. Then E is equipped with a tautological f-structure F given by 
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where we identify EF with Tn(F)N. 
The vertical distribution V inherits a complex structure from 
the O(n) invariant complex structure on Fk(JRn ) denoted by 1. 
Thus we define two f-structures on Fk(N,h) given by 
where we identify H with E via dn. 
'!he metric on Fk (N,h) is any metric for which V and H are orthogonal,:r:, ~~WV':h·c..v 
and n is a Riemannian fibration. 
Now O(N) x O(n) O(n) can be identified with ~(N)and thus O(N) 
HF F 
o 0 
is a principal HF bundle over Fk(N,h). 
o 
Composing the Levi-Civita 
connection form on ° (N) with projection on hF eo (n), where hF is the Lie 
o 0 
algebra of HF ' gives an HF -connection on Fk(N,h) denoted by D. 
o 0 
Viewing V as a sub-bundle of End(E) and denoting by P, projection 
of TFk(N,h) onto V we have 
Proposition 1.1 [59] en E, -1 N D=n \J -P. Further, D preserves 
horizontal and vertical distributions and commutes with F ,F • 
1 2 
Now suppose that (N2n ,h) is a Kahler manifold and let n 1 : (tr (T(l,O)N) -+N 
b th b dl f 1 1 . (1,0) e e Grassmann un e 0 comp ex r-p anes ~n T N. 
fibre map j: G;r(T(l,O)N) -+ J(N) = ~n (N2n ,h) as follows. 
r-plane we T(l ,.0) N 
x 
We define a 
For an 
j (W) 
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on W + (wl. n T(l,O) N) 
on W + 0";- n T ( 1 ,0) N) • 
Thus j(W) is an almost complex structure on T N which commutes with 
x 
the ambient complex structure. 
Theorem 1.2 [54] . (1 0) The" ~mage of a; (T ' N) is invariant by both 
r 
complex structures 11,12 on J(N). 
Proof See Appendix. 
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2. TWistor Bundles over Grassmannians 
A. Real Grassmannians 
Let G (JRn) denote the set of oriented r-dimensional subspaces 
r 
SO(n) acts transitively on G (En) 
r 
n 
and G (R ) becomes a 
r 
Riemannian symmetric sp~ce: 
isometric to sn-l. 
SO(n) 
so (r) x SO (n-r) • Note that G (R
n ) is 
1 
Let T-+ G (JRn) denote the tautological sub-bundle of G (Rn ) x R n 
r r 
whose fibre at WE G (En) is we: En. As is well-known, T G (JRn) is 
r r 
isomorphic to T 0 TJ· ';:' L(T,Tol). Now let 1Tl :Fk (Tol) -+ Gr(R
n ) denote 
the bundle whose fibre at W is F k (Wol) • We have 
Theorem 2.1 There exists a horizontal distribution H on Fk(Tol) and 
f-structures F~, F~ with F~ = F~ on H, F~ = -F~ on V, the vertical 
distribution, such that 
(i) F~ is integrable and if 2k = n-r, F~ is a KIDllerian complex 
structure, 
(ii) F~ satisfies condition A, 
(iii) The map j : Fk(Tol) -+ F (G (Rn » given by 
rk r 
j (F) = id ® F on W ® wol where W = 1T (F) , 
is f-holomorphic with respect to (F~,Fl) and (F~,F2). 
This is a special case of a general construction for symmetric spaces 
considered in the Appendix (A3,A4) wherein a proof of theorem 2.1 is 
provided. For the moment we shall just describe the f-structures: 
ol '1'" -1 -1 .L We have sub-bundles of '2 Fk (T hl"given by 1T 1 T and 1T 1 T = E. 
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Further, E~ splits under the obvious tautological f-structure into 
+ - 0 
eigenbundles E , E , E • 
naturally isomorphic to 
where the terms in the "bracket correspond to V~ and ~l-IT 0 E£ to H~. 
Put on 
n n Now fix r,s,k such that r+s+2k=n and let ~ :T -+G (R) , ~ :T -+G (R) 
r r r s s s 
1. be the corresponding tautological bundles. We may identify Fk(T
r
) and 
1. 1. - 1. Fk (Ts) as follows: for F € Fk (W ) let V = ker F and define F € Fk (V ) by 
-F = F on ImF 
-F = 0 on V. 
Here we orient V so that it is compatible with the natural orientations 
n 
on ImF,W and JR • 
Identifying Fk(Ts1.) with Fk (Tr 1.) in this way and examining the 
eigenbundles of the f-structures we observe the following. 
proposition 2.2 
(ii) if k = 1, F~ = -F~. 
Proof 
on 
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.1 .1 
while at F € Fk (V ) C:Fk (Ts ), 
i on V ® E~ + A 2E~ + E~ ® W 
F F F 
Now E; = E; and thus F~ = F~. 
observing that if k=l, A2E+=0. 
The second assertion follows similarly 
o 
Remark The natural SO(n) action on Fk(T~) induces an isomorphism 
f F ( .i) 'th SO(n) , '1 1 f ( .1) i o k Ts w~ SO(s)XU(k)XSO(r)' s~m~ ar y or Fk Tr • Treat ng 
SO(n) 
as the common twistor space, the twistor fibrations SO(S)XU(k)XSO(r) 
are simply the homogeneous fibrations induced by the inclusions 
SO{s)xU(k)~ SO(n-r) and U{k)xSO{r) ~ SO(n-s). 
Remark Fk(T~) is clearly identical with Fk(Sn-l) and thus Theorem 2.1 
provides a proof of the (well-known) properties of this bundle. 
B. Complex Grassmannians 
We now repeat the argument with t (~), the set of r-dimensional 
r 
complex subspaces of r? The transitive action of U(n) endows t (af) 
r 
with the structure of a Hermitian symmetric space u{r~!~~n-r) 
tl (r?) is isometric to [pn-l. 
let T ~ a; .(r?) denote as before the tautological sub-bundle of 
r r 
t (af) x r? ... Then T (1,0) t (ltn ) is isoIOC>rphic to T ® T.1 ';t L (T , T.1 ) • 
r r r r r r 
let TI :t (T .1)~ a; (af) denote the complex Grassmann bundle over 
r s r r 
t (~) whose fibre at W is t (w.1). Then we have 
. r s 
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Theorem 2.3 There exists a horizontal distribution H on 
(G (T.1) -+ G (af) and almost complex structures J~ ,J~ on is (T ol) with Jr = Jr 
s r r rI 2 
on H, J~ = -J~ on the vertical distribution such that 
(i) J~ is integrable and KIDllerian, 
(ii) Jr is not integrable but satisfies condition 'A' (ie dwl ,2 = 0 
. 2 
for w the Kabler form with respect to a suitable metric), 
(iii) the map j : (G (T .1) -+ J«(G (af» given by 
s r r 
j (V) = i on W 0 V + W 0 (Vol n Wol) 
for V E G (wol) and WE G (af), is holomorphic with respect to 
s r 
(j~,Jl)' (J~,J2)· 
The reader is referred to the Appendix for the proof of. this theorem. 
The almost complex structures will be described below. 
Remark It is easily seen that j factors through ~ (T(l,O)~ (cn» 
rs r 
by V~ W ® V followed by the map ~ (T(l,O)~ (af» -+ J«(G (~» described 
rs r r 
in Section 1. Further, if r = 1 this provides an isomorphism of 
G (T~p(l,O)n-l) with ~ (T.L) which is a biholomorphism for both sets of 
s s 
c·omplex structures. 
Let F(r,s,n-r-s,~) denote L~e·flag manifold of ordered triples 
of mutually-orthogonal subspaces of af of dimensions r,s,n-r-s and 
let n. : F(r,s,n-r-s,~) -+ (G. (~) denote the obvious projections for 
~ ~ 
.i=r,s or n-r-s. 
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1T : C (T J.) +(t (~) is naturally isomorphic to 1T : F(r,s,n-r-s,af) +G (af) 
r s r r r r 
identifying V E (G (W ), WE a; (~) with (W, V, (V + W).1) and so we 
. s r 
will confuse the two fibrations and define J~,J~ on F(r,s,n-r-s,~). 
There are tautological bundles Tr,Ts,Tn-r-s - (T E9 T )J. on 
r s 
F(r,s,n-r-s), defined in the obvious way, and TF(r,s,n-r-s) is 
isomorphic to the direct sum of T 0 T ,T 0 T , T 0 T and 
r s s n-r-s r n-r-s 
their complex conjugates. The kernel of d1T is T 0 T + T 0 T 
r s n-r-s s n-r-s 
and the remaining summands form the horizontal distribution. 
Now define J~,J~ by 
i on T 0 T + T 0 T , 
r s r n-r-s 
on T 0 T 
s n-r-s. 
Remark J~ is the Kahler structure induced by the inclusion of 
F(r,s,n-r-s,~) into ~ (~) x (G (~) given by 
n-r-s n-s 
J. J. .1 (W, V, (W+V) ) .... «W+V) ,V ). 
Confusing F(r,s,n-r-s;~) with F(n-r-s,r,s;~n) and F(s,n-r-s,r;~) 
can identify S (T .1) with S (T .1 ) and (G (T .1) • 
s r r n-r-s n-r-s s 
Proposition 2.4 J r __ JS __ I n- r - s Under these identifications 2 2 2 • 
Proof By inspection of the +i eigenbundles: they are 
Jr T 0 T + T ® T . + T ® T 2 r s r n-r-s s n-r-s 
JS T ® T + T 0 T + T ® T 2 s1 n-r-s s r n-r-s r 
I n- r - s T 0 T + T ® T + T ® T 2 n-r-s r n-r-s s r s 
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where in each case the last summand is vertical with respect to the 
given fibration. o 
Remark In fact we can say more: giving IS ((r?), IS (If) and IS (If) 
r s n-r-s 
their standard complex structures then TIs is J~ antiholomorphic and 
TI is Jr holomorphic and so on. 
n-r-s 1 . 
Remark U(n) acts on the various IS (T~) to give a natural isomorphism 
s r 
U(n) 
with the homogeneous space U(r)xU(s)xU(n-r-s) under which the twistor 
fibrations correspond to the homogeneous fibrations induced by the 
inclusions U(r) x U(s) C4 U(r+s) etc. 
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3. Maps into twistor bundles 
Let (M,g) be a Riemannian manifold and let lP: M+ Fk(N,h) be 
a smooth map, and ~ : M+Nbe 'IT 0 ",. 
-1 Then lP induces an f-structure on ~ . TN, denoted F",' which is the 
F -1 -1 + - 0 pull-back of on E since ~ TN = '" E. Thus if E ,E,E denote the 
bundles of +i,-i,O eigenspaces of Et, the eigenspaces of F", are 
",-lE+,,,,-lE-,,,,-lEo • 
Theorem 3.1 [59] Let (M,g) be an almost Hermitian manifold and 
'" : M + F k (N, h) a smooth map. 
(i) '" is f-holomorphic with respect to Fl if and only if 
~*(Z) € ",-lE+ for all Z€ T(l,O)M and 
(ii) lP is f-holomorphic with respect to F2 if and only if 
for all Z € T (1,0) M 
In particular, lP is f-holomorphic and horizontal if and only if 
~*(Z) ClP-1E+ for all Z € T(l,O)M and V preserves the eigenspaces of 
Theorem 3.2 [59] Let (M,g) be an almost Hermitian cosymplectic 
. manifold. .Then if '" : M+Fk (N,h) is f-holomorphic with respect to 
F
2
, ~ = 'ITo '" is harmonic and ~*h (2,0) vanishes identically. 
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'!hese theorems together with the holomorphici ty of the various 
inclusions j enable us to charactarise the f-holomorphicity of maps 
into the bundles Fk(Ti ) and ~ (T i) discussed in Section 2. 
s r 
So let T ~ a; (a?) be the tautological bundle of a; (a?) x a? 
r r r 
Under the isomorphism of T(I,O)~ (~) with L(T ,T i), the Levi-Civita 
r r r 
connection on ~ (~) corresponds to the connection on L(T ,T i) induced 
r r r 
by the flat connection on a; (a?) x a? 
r 
i Now let tp : M ~ ~ (T ) be a smooth map with cp = 1T 0 tp. 
s r r 
wi th the sub-bundle ~ of cp -IT i it induces, that is 
r 
We identify 
Let acp € COO (TM* ® cp-1L(T ,T i» denote the projection ofcicp onto 
r r 
T(I,O)~ (~). '!hen we have 
r 
Theorem 3.3 Let (M,g) be an almost Hermitian manifold and 
tp : M ~ a; (T i) a smooth map wi th 1T 0 tp = cp. 
s r r 
'!hen tp is holomorphic wi th 
respect to Jr if and only if 
2 
for all Z € T(l ,0) M 
and 
where V is the natural connection on T ~. 
. r 
Furthe~, tp is horizontal and holomorphic if and only if, additionally, 
f.\,)~.(e \W\ 'dcR C~) .. 
Le lJ., Trl. ) 
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Proof By theorem 2.3, W is J~ holomorphic if and only if 
whence cp* (Z) E (j 0 w) -IE + if and only if 
and 
or equivalently, 
1m acp (Z) c r 
Further, since the Levi-Civita connection, ", is just the tensor pC'o&,\A(..V' 
connection on T ® T 1. we see that 
r r 
if and only if 
and since VN is metric and preserves T(I,O)m (CO) it is easy to see 
r 
that 
if and only"'if 
from which the theorem follows. o 
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Corollary 3.4 Let M be a cosymplectic almost Hermitian manifold 
. .l 
and 1JI : M -+- (G (T ) a 12 holomorphic map. Then 1T 0 1JI = <P:M -+- ~ (af) is 
s r r r 
harmonic and <lm a<p(X), lm a<p(Y» = 0 VX, Y€ T(l,O)M. This last condition 
is called strong conformality after the strong isotropy of Erdem-Wood 
[31] in case dim M=2. 
A similar analysis may be carried out for the real case: let 
Tr -+- Gr(Rn ) be the tautological bundle and 1JI: M -+- Fk(Tr.l) a smooth map. 
We identify 1JI with ~ the bundle of +i eigenspaces of F1JI on <p-ITr.l~. 
Thus ~ is a k-dimensional isotropic sub-bundle of <p -IT .la: and we have, 
r 
by similar arguments: 
Theorem 3.5 Let (M, g) be almost Hermitian and 1JI:M -+- Fk (Tr.l) a smooth 
n 
map with 1T o1Jl = <P:M -+- G (JR ). 
r . r Then 1JI is f-holomorphic with respect to 
F~ if and only if 
1m <p* (Z) C ~, for all Z € T(I,O) M, 
and 
Further, 1JI is horizontal and holomorphic if and only if, additionally 
Thus if M' is cosymplectic and 1JI is 12 f-holomorphic, <p is harmonic 
... (1,0) 
and (1m <p * (X), 1m <p* (Y) ) = 0, for all X, Y € T M, where ,) is the 
complex bilinear extension of the metric on T .la:. 
r 
Again we call this last condition strong conformality if dimM=2. 
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4. Harmonic maps of surfaces into Grassmanians 
As we have seen in Section 3, ]2 holomorphic maps into Fk(N,h) . 
and ~ (T(l,O)N) project onto harmonic maps. 
r 
The fundamental theorem 
of Eells-Salamon asserts that for 2-dimensional domains, the converse 
it true and J2-holomorphic maps into F 1 (N,h) (or ~l (T(l,O)N'» can be 
constructed from conformal harmonic maps into N: for ~ conformal and 
harmonic, the corresponding map in Fl (N,h) is essentially the Gauss 
map. 
In this section we give an analogous construction of J2 holomorphic 
maps into Fk(Ti ) or ~r(Ti) over certain harmonic maps into Grassmanian. 
A. Complex Case 
Let M2 be a Riemann surface with isothermal co-ordinate z, and 
let ~ : M2 ~ & (<<f) be a smooth map. 
r 
Definition 4.1 ~ is said to have (complex) Grassmann order a if 
a = max dim Im d~ (~) • 
oZ x 
XEM 
a is clearly independent of the choice of isothermal co-ordinate. 
Theorem 4.2 Let ~ : M2 ~ ~ (~n) be a strongly conformal harmonic map 
r 
of Grassman order a. Then there exists a unique J~ holomorphic map 
1JJ : M2 ~ ~ (T i) with 1f 0 1JJ = ~ characterised by 
a r r 
1JJ (x) = Im d~ (ddZ}X whenever the right hand side has dimension a. 
. Proof -1 -1 i Consider ~ T ~M, ~ T ~M • 
r r 
These are complex vector bundles 
over M wi th connections, 'V, induced from the flat connection on M x «f . 
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We equip these bundles with the Koszul-Malgange complex structures 
induced by the connections (see theorem Bl.l of Chapter 4). We 
denote the Levi-Civita connection on Sr{~n) by VN. Now let P1 ••• P
r 
. -1 frame for ~ T and choose an isothermal 
r 
be a local holomorphic 
co-ordinate z on M. d~ d We write az for d~ (az-) • 
Since ~ is harmonic ~-1V'~ ~~ vanishes identically. Thus 
dZ-
o 
Thus each ~~(p.) is a local holomorphic section of ~-lT~ ·and so for 
oZ ~ r 
Aa ~ (p ) is a holomorphic section of 
. dZ i ) j 
Aa~-lT and thus has isolated zeroes or vanishes identically. 
r 
Since max dim 1m ~: = a there exists {i1 ••• i
a
} such that 
a d~ 
not vanish identically. At a zero z of ~ ~(Pi ), 
k (z-z ) W, 
o 
o ) oZ j 
ad~ A -;-(P. ) does j oZ ~j 
where W is a holomorphic section of Aa~-lT ~ such that W(z ) * 0 and 
r 0 
W(z) is decomposible for all z. 
W defines a local rank a sub-bundle of ~-lTrJ. which coincides with 
1m ~: off the isolated points where dim 1m ~: < a. Thus 1m ~: extends 
to a holomorphic rank a sub-bundle ~ of ~-lT with corresponding map 
r 
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Obviously 
Im ~: c ~ , 
and by strong conformality 
"" 00 _ 00 _ 
Lastly since 1.JJ is holomorphic we have V' a C (1.JJ) c C (1.JJ) whence 1.JJ is 12 
holomorphic by theorem 3.3. o 
To get a 1:1 correspondence between harmonic and J2 holomorphic 
maps we must identify those 12-holomorphiC maps which project onto 
order a harmonic maps. This can be done as follows: identify 
Ai (T.1) with F(r,a,n-a-r;lf'l) as in Section 2 and equip it with the 
a r 
Kahlerian 1~ complex structure. Then with notation as in Section 2: 
(1,0) -Il) _ 
T F(r,a,n-a-r;lC = L(T ,T ) + L(T ,T ) + L(T ,T ), 
r a n-r-a r n-r-a s 
where the first two summands are horizontal. 
1T 0 1.JJ has· order' a if and only if 
r 
max dim ~1.JJ (T ) = a. 
XEM oZ r 
call such a 1.JJ non-degenerate and we have 
It is easy to see that 
Corollary .... 4.3 There is a 1: 1 correspondence between non-degenerate 
J2-holomo.rphic maps 1.JJ:M2 ~ ~a(Tr.1) and strongly conformal harmonic maps 
of Grassmann order a ~:M ~ ~ (af) given by the construction of theorem 
r 
4.4. 
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Remark For r = l, a is necessarily 1 if <1> non-constant, strong 
conformali ty red·uces to conformali ty and the theorem reduces to that 
J. llta> u- to' 
of Eells-Salamon [25] since (G (T ) is the same as (G (TCP ., - ) • 
1 1 1 
B. Real Case 
Let <1> : M2 -+ G (]Rn). be a smooth map. 
r 
Defini tion 4.4 <1> is said to have real Grassman order k if 
k = max dim Im<1>* f-
XEM!: Z 
Reasoning exactly analogous to that in part A gives 
Theorem 4.5 Let <1> : M2 -+ G (Rn ) be a strongly conformal harmonic 
r 
map of Grassman order k. Then there is a unique f-holomorphic map 
(with respect to f~), \jJ : M2 -+ Fk (TrJ.) with 1Tr 0 \jJ = <1> characterised by 
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5. Applications 
The foregoing machinery can be used to produce new harmonic maps 
from old. Recall that ~ (T L) may be identified with F(r,s,n-r-s,~). 
s r 
C~~~e\f''''~ 
Proposition 5.1 Let (M,J) be almost Hermitiannand 1JI : M-+F(r,s,n-r-siaf) 
be a 1~ holomorphic map .• Then denoting by 'IT. : F (r,s ,n-r-s, If) -+ G. (~) 
~ ~ 
i = r,s,n-r-s the projections onto the constituent Grassmannians we have 
'IT 0 1JI, 'IT 0 1JI and 'IT 0 1JI are all harmonic. 
r s n-r-s 
Further: (i) 'IT 0 1JI is holomorphic if and only if 'IT 0 1JI is 
s r 
antiholomorphic, 
(ii) 'IT 0 1JI is antiholomorphic if and only if 1JI is 
s 
'IT -horizontal, 
r 
(iii) 'IT 0 1JI is holomorphic if and only if 1JI is 
n-r-s 
'IT -horizontal, 
r 
(iv) 'IT 0 1JI is antiholomorphic iff and only if 'IT 0 1JI 
n-r-s r 
is holomorphic. 
Proof By proposition 2.4 the fib rations 'IT ,'IT ,'IT are twistor 
r s n-r-s 
fibrations for which the 12 almost complex structures coincide and so 
the harmonicity of the projections of 1JI follows immediately from 
corollary 3.4 • For the rest, since 1JI is 1~ holomorphic 
. and we have· 
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T ~ T c: T{O,l)(G (af) , 1T (T ® T ) = to} , 
r n-r-s r s~ r n-r-s 
1T T ® T = to} 
r* s n-r-s 
'!hus 1T S 0 1IJ is ho1omorphic if and only if 1IJ * oOz has no Tr ® Ts component 
or, equivalently, 1T 0 1IJ is antiho1omorphic. 
r 
'!he res t of the proof is 
similar. o 
'!hus : 
Theorem 5.2 Let <P : M2 + (t (af) be strongly conformal harmonic of 
r 
Grassmann order ex > 0, and let 1IJ : M2 + (GS (T
r 
J.) be the J~ ho1omorphic lift 
of <p. '!hen 
(i) 1IJ is harmonic with respect to any of the KM.h1er metrics, 
associated to J~,J~ or I n- r - s 1 ' 
(ii) 1T 0 1IJ, 1T 1IJ are harmonic and strongly conformal, 
s n-r-s 
(iii) if 1IJ is not horizontal, 1T 0 1IJ is neither ho1omorphic 
s 
nor antiho1omorphic. 
Proof ( ';) f 11 f th f th JS Jr I n- r - s ti fy 
.... 0 ows rom e act at 2 = 2 = 2 sa s 
: condi tion A by theorem 2.3, 
(ii) is immediate from 5.1, the strong conforma1ity following 
from corollary 3.4, 
(iii) is immediate from 5.1 since if S > 0, <p is not antiho1omorphic. 
o 
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Remarks (i) Almost everywhere we have 
1T 0 tV = Im It 
s az 
1T 0 tV = (~+ Im aa~z).l 
n-r-s 
and so these projections may be thought of as generalised Gauss maps. 
(ii) Even if ~ is holomorphic, 1T 0 tV is not ± holomorphic 
s 
unless tV is horizontal. For r=l, it is easy to show that ~ holomorphic 
and tV horizontal implies that ~ is totally geodesic (c.f. Chapter 7). 
n-l Thus non-totally geodesic holomorphic maps into ~p give rise to non-± 
holomorphic harmonic maps into n-l a:p and, of course, into F(1,1,n-2,~) 
equipped with its Kahlerian J structure. 
1 
(iii) 2m n-l Indeed, let M be any KIDller manifold and ~ : M -+ tP 
a non-totally geodesic holomorphic immersion. Then Ima~(T(l,O)M) 
. 2m.l J defines a l~ft tV: M -+ Q;m (T 1 ) which is 2 holomorphic and non-horizontal 
(the key point being that ~ is harIIx:mic with B (l,l) vanishing, where B 
is the second fundaxoontal form of ~) and so we have harmonic non-
holomorphic maps into ~ (<<f) and F (l,m,n-m-l; «f) . 
m 
These remarks 
provide an interpretation of a result of Ishihara [44] in our context. 
(iv) Let tV : M2 -+ ~ (T .l) be holomorphic and horizontal then 
s r 
.l 
1T 0 tV, (1T 0 tV) are antiholomorphic and in fact form a a" pair of 
s n-r-s 
antiholomorphic vector bundles in the sense of Erdem-Wood. This 
observation~shows how to interpret their results [31] in our context. 
(v) Under suitable non-degeneracy conditions on tV it is 
clear that tV will be the common holomorphic lift of 1T 0 tV, 1T 0 tV and 
r s 
1Tn- r - s 0 tV. 
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(vi) Changing the orientation on M will not affect the 
harmonicity of any of the maps under consideration, so by considering 
Im ~!- and so on, we can construct yet more harmonic maps into various 
Grassmannians and flag manifolds (in general different ones!). 
We end this chapter with an application of the real version of 
these ideas to prove a theorem of Obata in our contex. 
let 4> : M2 -+ sn-l be a conformal immersion, the normal Gauss map 
of 4>, ~: M2 -+ G 3 (lRn ) is given by 
n-
~(x) .1 (4) (x) + Im d4> ) • 
-Theorem 5.3 (Obata [53]) 4> is harmonic if and only if 4> is harmonic. 
Proof Recall the isomorphism of F (T .1) with F (T .12) in Section 2. 1 1 1 n-
If ~ is the lift of 4> then it is easy to see that its projection onto 
G
n
_2 (lR
n ) via this identification is precisely ~. 'lhus since by 
.1 -proposition 2.2 ~ is J antiholomorphic as a map into F (T 2)' 4> is 
2 1 n-
harmonic and strongly conformal. Further, a calculation yields that 
Imd~(TM).14> so that if ~ is non-constant and harmonic, the projection 
of its lift back onto sn-l is 4>. 
Lastly; if ~ is constant, 4> is clearly totally geodesic and hence 
harmonic. o 
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APPENDIX 
Al. Adjoint orbits of a compact Lie group (see [59]) 
Let G be a compact Lie group with Lie algebra g. We equip 9 
with an Ad(G) invariant inner product (e.g. the negative of the 
Killing form). 
Let ~ E 9 and let C(~ ) denote the orbit of ~ under the adjoint 
o 0 0 
action of G. '!hen if H = {g E G : Adg· ~ = ~ } is the isotropy subgroup 
o 0 
of ~o' C(~o) is a homogeneous space *. 
'!he Lie algebra h of H is given by h = {n E g: [~ ,n] = O} = ker ad(~ ) 
o 0 
and since ad(~ ) is skew-symmetric on g, m = Imad(~ ) is an Ad(H)-invariant 
o 0 
complement to h in g. Thus the tangent space of C(~ ) at ~ is 
o 0 
isomorphic to m. 
Since ad(~ ) is skew-symmetric, it has only purely imagin~ry 
o 
eigenvalues and we denote by gA the iA-eigenspace of ad(~ ) in g~. 
o 
We have: 
Lemma 1.1 [59] 
Ad (H) gA egA. 
+ A 
'!bus putting m = L 9 ,m 
A>O 
L gA we have 
A<O 
Further 
~ + - + 
m =m + m , m - + + [+ +] + h m ,Ad(H)m em and m ,m em and so we ave 
defined a G-invariant complex structure on C(~ ). 
. 0 
In fact, if B 
denotes the negative of the Killing form of g, the inner product a on 
m given by 
a(~,n) = B(~, lad~ In) 
o 
induces a Kahler metric on C(~). (see below.) 
o 
.. 
Now let V be a epclidean space, O(V) its orthogonal group with Lie 
algebra o(V) of skew-symmetric linear transformations. 
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We identify o(V) with A2v by 
(Ul\v)X= (u,x)v- (v,x)u, 
where ( , ) is the inner product on V. 
'Ihen 
Adg (Ul\v) = gUl\gv , ge: O(V) 
and 
adA(u 1\ v) = Au 1\ V + U 1\ Av, A E 0 (V) • 
Now let FE o(V) be a rank K f-structure on V. 'Ihus putting G = 0 (V) , 
we have FK(V) = C(F). 
+ - 0 a: Denote by VF ' VF ' VF the +i,-i,O eigenspaces of F in V. 'Ihen 
it is easy to see that adF has eigenvalues ±2i,±i,O in o(V)a: with 
o(V)l + ® Vo VF F 
o(V)2 A2V+ 
F 
o(V)o + - A2vO VF ® VF + F 
Lemma 1.2 [59] Let A E 0 (V) • 'Ihen A E T(l,O) F (V) if and only if F K 
A2. TWistor bundles associated to principal G-bund1es 
'Ihe construction of F K (N ,h) -+ N may be generalised as follows [54,591: 
Let P -+ N be a principal G-bundle over a Riemannian manifold (N, h) such 
tha t TN is associated to P via some orthogonal representation p : G -+ ° (V) 
of G. 
Let G act holomorphically on a complex manifold Y and suppose that 
there is a map j 0 : Y -+ F K (V) which is G-equi varian t and holomorphic. Let 
~ be a connection on P that induces the Levi-Civita connection on N, and 
consider 1Tl:z-+Nwhfre Z=Px Y. G 
As before ~ induces a horizontal 
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distribution on Z which can be identified with ~ -ITN. Further j 
-1 1 0 
induces a fibre map j : Z -+ F (N,h) and so 1T TN acquires a tautological 
K 1 
f-structure, F, given by 
F = j (z) on T ~ (z ) N, z E Z. 
1 
Thus, as before, we may define f-structures FZ , FZ and it is clear that 
1 2 
we have 
Proposi tion 2.1 The map j : Z -+ F K (N ,h) preserves horizontal distributions 
and is. f-holomorphic wi th respect to ( FZ ,F ) and (Fz , F ). 
1 1 2 2 
G In particular, let Y be a reductive homogeneous space H with invariant 
complex structure, then Z can be identified with ~ and thus P is 
H 
principal H-bundle over Z. 
a 
Now let g~ = h~ + m+ + m be the decomposition of the Lie algebra 
of 9 associated to -HG and let j : Q-+ F (V) be an equivariant map. 
o H K 
Lemma 2.2 Let j (eH) = F • 
o 0 
Then jo is holomorphic if and only if 
+ for all E; E m 
Proof It suffices to show holomorphicity at the identity coset 
Identifying FK(V) with ~(V) , where HF is the isotropy 
F 0 
by equivariance. 
of F , we have a commuting diagram 
o 
P 
G ~ O(V) 
G O(V) 
-~--
H j HF 
o 0 
o 
.. . 
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Identifying TeH ~With m via d1\, for ~€m+ we have 
dj (~) = dn dp(~). 
o 2 
Thus jo is holomorphic if and only if 
or equi valen tly 
+ 
+ V F 
o 
which last is equivalent to 
[F o,dp (~) ] € A2V; 
o 
For instance let N be a Kahler manifold and U(N) its U(n)-bundle of 
uni tary frames. Then the Levi-Civita connection of N is a connection 
on U(N). 
Let (V,J) be the standard U(n) module and take y to be (I; (V) the 
r 
o 
Grassmannian of complex r-planes in V (i.e. 2r-real dimensional J-invariant 
subspaces) • U(n) acts transitively on (I; (V) and j :(1; (V) -+F (V) given 
r 0 r n 
by 
J on W 
.1 
= -J on W 
is a U(n) equivariant map. 
Fixing W € Ii (V), we identify tt (V) with the hermitian symmetric 
r r 
space U(n) Identifying u(n) with Al,lv~, the tangent space U (r) xu (n-r) • 
. -.1' -.1 
at W is isomorphic to W ® W + W ® W We choose the complex structure 
. -.1 
on G (V) with +i-eigenspace at W given by W ® W • 
r .. 
-.1 Then if ~ € W ® W , 
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since p is just the inclusion U(n)C+O(n) we have 
[j (W) ,~] = 2i~ 
o 
and putting j (W) = J , V + 
. 0 0 J 
-l. W+W so that [j (W) ,~l € Jl.2V+ • 
o J 'Ihus 
o o 
by Lemma 2.2 jo is holomorphic. If we identify U(N)Xu(n)~r(V) with 
~ (T(l,O)N) we see that the induced map j:~ (T(l,O)N) -+J(N) is precisely 
r r 
that described in Section 1 and thus theorem 1.2 of that section is 
proved. 
A3. TWistor bundles over symmetric spaces 
G Let N = - be a Riemannian symmetric space where G is compact and H 
the metric on N is that induced by the negative of the Killing form on 
g. We have the canonical decomposition of the Lie algebra of G: 
g=h+m with [h,m]cm , [m,mlch. 
Let ~ € h and suppose that ad~ is a rank k f-structure when restricted 
o 0 
* A A to m. Let h ,m denote the iA-eigenspaces of ad~ in h and m and put 
o 
h+= L hI.., m+=m 1 etc. 
1..>0 
Denote by C (~ ) the orbit of ~ in h under Ad(H) , then, as in 
H 0 0 
Section AI, the isotropy subgroup of ~ in H, denoted K, has Lie algebra 
o 
hO and CH (~o) = ~ has an invariant complex structure with +i eigenspace 
a t ~ gi ven'py h + • 
o 
Lemma 3.1 
j (n) = adn. 
o 
Then j is H-equi varian t and holomorphic. 
o 
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Proof Let v€. m, then j (Adhn) v = [Ad (h) n ,v] 
o 
Thus j is equivariant. 
o 
= [Ad(h)n, Ad(h)Ad{h-l)v] 
= Ad(h)adn Ad(h-l)v 
-1 Ad (h) j (n ) Ad (h) v. 
o 
In this case j is induced from the adjoint representation of H on m 
o 
so if E; €. h + , 
[ad£-; ,adE;] 
o 
. + 
Now by Lenuna 1. 1 , [ E; , E;] €. h and 
o 
ad [E; ,F;]. 
o 
so by Lenunas 1.2 and 2.2 we conclude that j is holomorphic. 
o 
o 
Now 1T : G -+-* is a principal H-bundle and GxHm is isomorphic to TN 
th ' G, t' th '1 t' Fur er S1nce H 1S symme r1C e canon1ca connec 10n, 
a, on G induces the Levi-Civita connection on~. Thus the construction 
of A2 yields f-structures on ~ and an f-holomorphic map 
G G j:1< --+-Fk(H) 
\/ 
G 
H 
In fact the f-structures are easy to identify in this case. Chasing 
. through the· identifications shows that FZ, FZ are both G-invariant and 
1 2 
have +i eigenspaces at the identity ·'coset given by 
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As an application of the foregoing, let G = SO(n) and H = SO(r) x SO(n-r) • 
Th G.. . ( n) us H ~s ~sometr~c to G
r 
R . n Let WE G (lR ) correspond to the 
r 
identity coset, then under the usual identification we have 
. .L 
o(n) = oCr) + o(n-r) + W®W 
for the canonical decomposition of 0 (n) • 
Let F E 0 (n-r) be a rank k f-structure .L on W . 
0 
'!ben adF = id ® F on W ® w.L is an f-structure on W ® w.L and the stabiliser 
of F in SO(r) x SO (n-r) is isomorphic to SO(r) x U(k) x SO (n-r-2K) , thus we 
have f-structures and an f-holomorphic map j 
. SO(n) F (G (Rn ) 
J SO(r) xU(k) xSO(n-r-2k) ~ k r 
\ ~ 
G (lRn ) 
r 
Further CH(F
o
) is precisely Fk(W.L) for 2k <n-r (it is Jo(W.L) if 2k=n-r) 
n 
and since the tautological bundle T on G (lR) is naturally isomorphic 
r 
to So(n)xSo(r)xSo(n_r)W we have an isomorphism between ~ and Fk(T.L) under 
which j is given by 
j (F) = id ® F 
.L+ .L_ .Lo 
Further, if WF ' WF ' WF 
see that 
. 0 0 0 
+ m 
denote the eigenspaces of F it is easy to 
o 
.L .L+ .L 
A2w + + W ® 0 F F WF 
000 
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from which follow the identification of the eigenspaces of ~,Fr in 
1 2 
terms of tautological bundles given in Section 1. Thus the proof of 
the first part of theorem 2.1 is complete. 
Remark For 2k= n-r, to treat Fk(Tol) we must replace SO(n) by O(n) 
and argue as above. 
Now putting G = U(n), H = U (r) xu (n-r) we can repeat the argument. 
Letting WE is (a?) correspond to the identity coset we have 
r 
ol Let J E U (n-r) be an almost complex structure on W which agrees 
o 
ol 
with the ambient complex structure on an s-dimensional subspace VCW • 
The stabiliser of J
o 
is isomorphic to U(r)xU(s)xU(n-r-s) and CH(J
O
) 
is naturally isomorphic to is (wol). 
s 
proof of theorem 2.3. 
A4. Properties of Twistor Bundles 
Proceeding as above provides the 
Let Z = Px Y -+ N be a bundle of almost complex structures constructed 
G 
as in A2 with fibre map j : Z -+ J (N) which we assume to be an immersion. 
We have 
Proposition 4.1 z The complex structure J2 is not integrable. 
Proof If J~ is integrable, then j(Z) is a complex, non-horizontal 
submanifold of J(N) on which J2 is integrable contradicting a 
proposition of Salamon [61]. 
(1 0) In general, the f-structures on FK(N,h) or iSr(T ' N) are not 
very well behaved requiring stringent conditions on the curvature of N 
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for integrability of Fl or for F2 to satisfy condition A. (See 
Rawnsley [59], Eells-Salamon [25], Hitchin [43] and Chapter 7.) However, 
the situation for the twistor bundles over symmetric spaces constructed 
in A3 is much better. 
Theorem 4.2 G G let 'H be a Riemannian symmetric space and Z = K a twistor 
G . 
bundle over H constructed as in A3. Then F 1 is integrable and there 
exists a metric on Z for which 
(;) Z G. Ri . ub . 
.... 7T: +'H ~s a emann~an s mers~on, 
(ii) F2 satisfies condition A, 
(iii) If Fl is a complex structure, (z,F1 ) is a K~ler 
manifold. ( Compare [ 43 ] • ) 
Proof It suffices to check everything at the identity coset by 
homogeneity. 
let Z arise from CH (~o)' ~o E h, then at eK, F~ has +i eigenspace 
h + + m1 and 
+ 1 + 1 + [h +m ,h +m ]ch 
by Lemma 1.1. Thus F~ is integrable. 
Now define an inner product on ad(~ ) h + m by 
o 
= (~,n) for ~,n E m and zero otherwise, 
where ( , is the negative of the Killing form. 
a is clearly AdK invariant and so gives rise to an invariant metric 
on Z for which 7T is a Riemannian fibration. 
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Recall that G ~~ is a principal K-btmdle and let D denote the 
canonical connection on G. . FZ FZ •• FZ FZ Sl.nce l' 2 are G l.nvarl.ant, D 1 = D 2 = 0 
(see [45, Vol.II Ch.X]) and at eK, the torsion T of D is given by 
a ( T ( t; , n) ,<5) = - a ( [t;, n ] , <5 ) , t; , n ,<5 E ad (t; ) h + m • 
o 
(1) 
Now let V denote the Levi-Civita connection of (Z,a). A standard 
calculation (see [~,]) yields 
a (VxY ,Z) = a (DXY ,Z) + ! [a(T(X, Y) ,Z) - a(T(Y ,Z) ,X) + a(T(Z,X), Y)]. 
Now let X, Y ,Z €-'TeKZ and suppose that each vector lies in a single 
eigenspace of adt; in either m or h. 
o 
For X E h 
For X E m 
put Ixi = II.I 
put Ixi = 1 . 
Then using (1) and the definition of a together with the fact that 
ad(X) is skew with respect to ( , ) for any X in 9 we have 
Now let Y ,Z E h + + ml, then ([y ,Z] ,X) is only non-zero if X E h-lyl-lzl in 
which case I Y I + I Z I - I X I = o. Thus 
a (VY, Z) = a (DY, Z) = 0 for Y, Z E h + + ml 
thus establishing that a is Kahlerian for F~ if mO = {O}. 
Similar arguments using [h + ,ml] = 0 and [m,m] ch establish the fact 
that F2 satisfies condition A. o 
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CHAPTER 7 
ISOTROPIC HARMONIC MAPS AND HORIZONTAL HOLOMORPHIC MAPS 
The classifications of Calabi [13J, Eells-Wood [29J and Erdem-Wood 
[3lJ consider harmonic maps which are isotropic in the sense of Chapter 
4 and associate to them holomorphic maps into complex manifolds. In our 
context, the isotropy condition is precisely what guarantees that the 
twistor lift is horizontal and thus holomorphic with respect to the 
(sometimes) integrable 11 complex structure. 
Thus, in this chapter, we turn to isotropic harmonic maps of surfaces 
and attempt to classify them by horizontal f-holomorphic maps into twistor 
bundles. It will be seen that a really satisfactory theory is obtained 
only in case that the target manifold is a space form. Thus our theorem 
may be viewed as an abstract version of Calabi's theorem. 
1. Horizonba1 ho1omorphic maps of surfaces into twistor bundles 
Let ¢: M2 ~ (N,h) be a smooth map of a Riemann surface into Riemannian 
manifold. We recall the following definitions from Chapter 4. 
Definition 1.1' i) ¢ is real isotropic if 
ex a B a ('V a ¢*az' 'V a ¢*a;) - 0 for all a,B 2! 0 and any 
az az 
isothermal co-ordinate on M. Here ifla = 'V a 0 ••• 0 'Va' ex times, 'V is the 
"a; az az 
pullback connection on ¢-l~ and (,) the complex bilinear extension of 
the' inner product dn ¢ -ITN. " 
101. 
ii) If N is a Kahler manifold, denote by < , > the Hermitian inner 
-1 (1 0) dCP dCP . . product on cP TN ' and let dZ ' dZ- denote the pro)ectl.ons of 
Then cP is complex isotropic if 
<oa dCP oS dCP -
v d az v d dZ> = ° for all a, S ~ ° . 
a; dZ-
In the sequel we will mostly be concerned with real isotropy. 
Proposition 1.1 Let ~ :M2 ~ Fk(N,h) be horizontal and f-holomorphic 
(equivalently: f-holomorphic with respect to Fl and F2). Then 
cP = n ~: M ~ N is harmonic and real isotropic. 
o 
Proof By theorem 3.1 of Chapter 6, ~ is horizontal and f-holomorphic 
if and only if 
and 
for all X E TM • 
In particular vad ¢*;z is a local section of ~-lE+ for all a ~ ° and 
a; 
-1 + the isotropy of cP follows immediately from the fact that ~ E is an 
~ isotropic subbundle of TN. The harmonicity of cP is a consequence of 
theorem 3.2 of Chapter 6 (or observe that V d ¢ *dd
z 
is a real section of 
... dZ-
-1 + ~ E and must therefore vanish) • 
Remark As we restrict attention to subbundles of Fk(N,h) the conditions 
for horizontality become more stringent. A similar argument to the above 
shows that a horizontal holomorphic map into C (T(l,O)N) over a Kahler mani-
\ r 
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fold has complex isotropic projection, while a horizontal holomorphic 
.L n 
map into C (T r ) over n (£ ) has a strongly isotropic projection in the s r 
sense of Erdem-Wood [31], that is 
a d~ B d~ _ 
<1m 'iJ d dz,Im 'iJ d dZ>= ° for all a,B ~ ° . 
az dZ- . 
In some cases the horizontality condition is very restrictive. 
Proposi tion 1.2 Let (M, J) be a 2m-dimensional almost Hermitian 
manifold and W: M ~ F (N,h) a horizontal, f-holomorphic map such that 
m 
~ = 1T 0 W is an immersion. Then, with respect to the metric ~*h on M, ~ 
is totally geodesic. 
(1,0) 
Proof Let Zl' ••• , Zm be a frame for T M. 
{ }m -1 + 00 -1 + Then ~*Zi i=l spans W E and 'iJX~*Zi E C (W E) for all X E TM. Thus 
for all X,Y E TM and so 'iJd~ takes values in ~*(TM). However, if ~ is 
isometric, 'iJd~ only takes values normal to ~*(TM) and thus must vanish 
identically. So with respect to ~*h, ~ is totally geodesic. o 
Coroll ary 1. 3 Let dim N = 3 and ~: M2 ~ (N,h) be an isotropic minimal 
immersion of a·Riemann surface. Then ~ is totally geodesic. 
Proof Define W: M2 ~ Fl (N,h) by span {~*;z} = W-lE+, this is the Gauss 
. lift of Eells-Salamon [25]. W is an f-holomorphic horizontal map and the 
result follows from proposition 1.2. Alternatively a direct calculation 
shows .. that the isotropy condition implies that:there is no normal component 
"\ 
of 
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3 ~ ~ -- since the normal bundle is l-dimensional. 3 '+'*3z 
a; 
2. Isotropic harrronic maps of surfaces 
We now construct horizontal f-holomorphic maps from isotropic 
hannonic maps into a space fonn. 
Notation let <p: M2 -+ (N,h) be a smooth map and z an isothennal 
2 3 
co-ordinate on M. Denote <P*azby 3<p and let 
where ~ 3 is iterated (CL - 1) times. 
az 
let W~ be the subset of <p-l~ whose fibre at XEM is given by 
{ 2 CL span 3<p,3 <p, ••• ,3 <p} for CL ~ 1, 
o W = {O} 
<p,x 
Note that this is not in general a subbundle. 
Lemma 2.1 let <p: M2 -+ (N,h) be an isotropic harmonic map and 
suppose that (N,h) has constant sectional curvatures. Then for all 
CL ~ 1 
whence CL ~a (3<P" •• • ,,3 <P) vanishes identically for all CL ~. 1. 
3Z-
o 
Proof "The argument is that of theorem B.2.4(i) of Chapter 4 which 
'\ 
for convenience we reproduce here. 
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We induct on a, the case 0.=1 following immediately from the 
harmonicity of ~. 
Now suppose 'V d d k~ E w~-l for k < a. 
d'Z" 
n n "Ia- l t+-* N (.1.. .1..) "10.-1 
v d v d ° ~ + 'iI R dZ' dZ ° ~ 
dZ dZ 
a-I The first summand of the right hand side is contained in W~ by the 
induction hypothesis and so it remains to prove that 
t+-* N(.1.. ~) "la-It+- a-I 
'ilR dZ'dZ o 'ilEW~ 
where RN is the curvature tensor of (N,h). Now by the curvature hypothesis 
R N ( d ~ , d~) d a-I ~ 
= c[{d~,da-l~}d~ - (d~, da-l~)d~J 
a-I 
which is contained in W~ since the second summand vanishes by isotropy. 
This completes the induction. 
The second assertion of the lemma now follows since 
and for each i 
o 
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Definition Let ¢: M ~ (N,h) be a smooth map. The a-order of ¢ is 
the largest integer k such that 
Equivalently it is given by 
k max + 
xEM,OoE7Z 
Clearly k is independent of the choice of isothermal co-ordinate since 
WOo . ¢ ~s. 
Theorem 2.2 2 Let ¢: M ~ (N,h) be an isotropic harmonic map of a-order 
k from a connected Riemann surface into a space form N. Then there is a 
2 
unique horizontal f-holomorphic map ~: M ~ Fk{N,h) such that TIo~ = ¢ 
which is characterised by 
k ;y, - W 
'4'x - ¢,x 
at all points where the ~5ht hand side has dimsion k. 
Proof . Ak,f.,-lT t We equ~p 't' ~ with its Koszul-Malgrange complex structure 
relative to the pull-back of the Levi-Civita connection V on N. Then 
k by Lemma 2.1 and the fact that ¢ has a-order k we have that a¢" ••• "a ¢ 
is a local ~holomorphic section of Ak¢-l~ which does not vanish identi-
cally and hence has only isolated zeroes. 
a neighbourhood of zo' 
m (z - z ) w 
o 
Let z be such a zero, then on 
o 
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where w is a non-zero decomposible multivector, which thus defines a 
local rank k subbundle of ~-lTNt which coincides with w~ off Zoe Thus 
we have defined a global rank k stibbundle $ of ~-lTNf which coincides 
k 
with w~ off an isolated set of points. 
S . k.. . ~nce w~ ~s ~sotrbp~c by the isotropy of ~, ~ is also isotropic 
2 
and thus defines a map ~: M ~ Fk(N,h) which we claim is horizontal and 
f-holomorphic. 
Firs tly a~ E w~ and thus a~ E $. Now let 0 E COO ($). Then on a dense 
set, we have 
k A.ai~ 0 = L 
~ 
and thus 
i=l 
k 
L 
i=l 
By Lemma 2.1 
a. k 
while the fact that ~ has a-order k ensures that a ~ E w~ for all a.. 
Thus ~ 0 E ~ on a dense set and hence 
X 
00 
c C (~) 
for all X E TM. An appeal to theorem 3.1 of Chapter 6 now completes the 
proof. 0 
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Remarks 1. The res tri ction on the curvature of N is perhaps not 
surprising since Rawnsley [59J has shown thatitis only under these 
conditions that the F2 structure is reasonably well-behaved (i.e. 
F 2 satisfies condition A). In the special case that dim N = 4, Eells 
and Salamon [26J have shown that we may relax the curvature conditions 
to the demand that N be Einstein and either self-dual or anti-self-dual. 
We shall discuss a possible extension of the theorem below. 
2. a. An examination of the proof, shows that for a. < k, Wcp may be extended 
~-l C 2 to give an isotropic subbundle of ~ TN! and thus a map ~ : M ~ F (N,h) 
a. a. 
which is F2-holomorphic by Lemma 2.1 but non-horizontal. In particular, 
in view of the fact that F2 satisfies condition A, each ~a. is harmonic 
with respect to a suitable metric on F (N,h). 
a. 
3. Rawnsley [59] has proved a similar theorem for complex isotropic 
harmonic maps of surfaces into spaces of constant holomorphic curvature. 
. a(l,O)~ Lettl.ng ~ denote the projection of acp onto T(l,O)N and k the largest 
integer for which 
(1,0) k-l (1,0) 
acpA ••• AV' a a cp 1- 0 
az 
he construc~s a horizontal holomorphic map ~: M2 ~ tk(T(~,O)N) given by 
( 1,0) k-l (1,0) 
~(x) span {acp , ••• , 
x 
V' a a cp} 
az 
off a set of isolated points. As in remark 2, for a. < k one can construct 
J 2 holomorphic non-horizontal maps ~a.: M2 ~ ~ (T(l,O)N) which are harmonic 
a. 
In particular, if W = Q:pn we .. can construct in this way harmonic, non-holo-
morphic maps into flag manifolds and Grassmanians using the results of §5, 
of Chapter 6. 
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3. A Bijective Corresp:Jndence 
To use theorem 2.2 to obtain a bijective correspondence between 
isotropic harmonic maps and f-holomorphic horizontal maps, we must 
characterise those f-holomorphic horizontal maps into Fk(N,h) which 
project onto maps of a-order k. To do this, we follow Rawnsley and 
exploit the 0 connection on Fk(N,h) mentioned in §l, Chapter 6. 
Prop:Jsition 3.1 Let ~: M2 ~ Fk(N,h) be horizontal. Then ~ 
has a-order k if and only if 
Proof By proposition 1.1 of Chapter 6 
o = 1T -1 'iJ - P on H 
1TW 
o 
where P is projection onto the vertical distribution of Fk(N,h) and 
'iJ is, as usual, the connection on N. 
Thus, for ~ horizontal 
and the result now follows from the isomorphism of ~-lH and ~ -ITN via 
o 
Call a horizontal map satisfying the above condition non-degenerate 
and then we have, putting together propositions 1.1 and 3.1 and theorem 
2.2, 
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Theorem 3.2 2 Let M be a connected Riemann suface and (N,h) a space 
form. There is a bijective correspondence between harmonic isotropic 
2 
maps ¢: M ~ (N,h) of a-order k and non-degenerate f-holomorphic, 
horizontal maps ~: M2 ~ Fk(N,h) given by 
k 
w¢ c iIi • 
4. Extensions and Final Remarks 
An examination of the proof of theorem 2.2 reveals that the 
curvature hypothesis on N is only used in Lemma 2.1 and thus following 
Rawnsley we may con~ider curvature isotropic maps defined as follows: 
Definition 4.1 Let ¢: M2 ~ (N,h) be a smooth map and let R denote 
the curvature tensor of (N,h). ¢ is said to be curvature isotropic if 
i) ¢ is isotropic 
';';) th* (a a) Cl c WCl 
.......... '+' R az 'az- W¢ ¢ for any isothermal co-ordinate z. 
Then repeating the proof of theorem 2.2 we have 
Theorem 4.2 Let ¢: M2 ~ (N,h) be a harmonic, curvature-isotropic map 
of a-order k, then there is a unique horizontal, f-holomorphic map 
W: M2 ~ Fie (ti,h) such that 7To~ = ¢ characterised by 
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Defini tion 4.2 Let ¢: M2 ~ Fk(N,h) be a smooth map, then W is 
D-curvature isotropic if 
for all k. 
Arguing as in proposition 3.1 we see that if ~ is horizontal and f-holomor-
phic, ¢ = TI ~ is curvature isotropic if and only if ~ is D-curvature iso-
o 
tropic and so we have 
Theorem 4.3 2 Let M be a connected Riemann surface and (N,h) a Riemannian 
manifold. There is a bijective correspondence bebween harmonic curvature-
2 isotropic maps ¢: M ~ (N,h) of a-order k and non-degenerate, D-curvature 
isotropic horizontal f-holomorphic maps ~: M2 ~ Fk(N,h), given by 
However, there are no known examples of curvature-isotropic maps apart 
from the isotropic harmonic maps into space forms. 
Remarks 
1. 2n If N = S , theorem 3.2 reduces to a version of Calabi's famous 
2 2n theorem [13J since it is easily shown that ¢: M ~ S has a-order n 
if and only' if ¢ is full (i.e. not .. contained in any proper totally 
geodesic subspace of S2n) and so in this case our correspondence is 
between full isotropiC harm?nic maps into s2n and holomorphic horizontal 
. . (2n) 0 (n + 1) 
maps 1nto J S = U(n) Further in this case, the connection D 
Ill. 
b 'd 'f' d 'h th '1 ' O(n + 1) 'd d may e 1 ent1 1e W1t e canon1ca connect1on on U(n) 1n uce 
by the decomposition of o(n) discussed in the appendix to Chapter 6. 
2. As we saw in Chapter 4, proposi tion 2.3, the isotropy of a harmonic 
2 . 
map of a surface M into a space form depended on the vanishing of cer-
tain holomorphic differentials on M2. In particular, since 52 admits 
2 
no non-zero holomorphic differentials, any harmonic map of 5 into a 
space form is isotropic. Thus theorem 3.2 classifies all harmonic maps 
¢:' 52 ~ N, for N a space form. Further, by applying corollary 1.3, we 
recover in this way the result of Almgren that any minimal immersion of 
S2 into S3 is totally geodesic. 
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